We use a suite of semi-empirical models to predict the galaxy-galaxy merger rate and relative contributions to bulge growth as a function of mass (both halo and stellar), redshift, and mass ratio. The models use empirical constraints on the halo occupation distribution, evolved forward in time, to robustly identify where and when galaxy mergers occur. Together with the results of high-resolution merger simulations, this allows us to quantify the relative contributions of mergers with different properties (e.g. mass ratios, gas fractions, redshifts) to the bulge population. We compare with observational constraints, and find good agreement. We also provide useful fitting functions and make public a code 1 to reproduce the predicted merger rates and contributions to bulge mass growth. We identify several robust conclusions. (1) Major mergers dominate the formation and assembly of ∼ L * bulges and the total spheroid mass density, but minor mergers contribute a non-negligible ∼ 30%. (2) This is mass-dependent: bulge formation and assembly is dominated by more minor mergers in lower-mass systems. In higher-mass systems, most bulges originally form in major mergers near ∼ L * , but assemble in increasingly minor mergers. (3) The minor/major contribution is also morphology-dependent: higher B/T systems preferentially form in more major mergers, with B/T roughly tracing the mass ratio of the largest recent merger; lower B/T systems preferentially form in situ from minor minors. (4) Low-mass galaxies, being gas-rich, require more mergers to reach the same B/T as high-mass systems. Gas-richness dramatically suppresses the absolute efficiency of bulge formation, but does not strongly influence the relative contribution of major versus minor mergers. (5) Absolute merger rates at fixed mass ratio increase with galaxy mass. (6) Predicted merger rates agree well with those observed in pair and morphology-selected samples, but there is evidence that some morphology-selected samples include contamination from minor mergers. (7) Predicted rates also agree with the integrated growth in bulge mass density with cosmic time, but with factor ∼ 2 uncertainty in both -up to half the bulge mass density could come from non-merger processes. We systematically vary the model assumptions, totaling ∼ 10 3 model permutations, and quantify the resulting uncertainties. Our conclusions regarding the importance of different mergers for bulge formation are very robust to these changes. The absolute predicted merger rates are systematically uncertain at the factor ∼ 2 level; uncertainties grow at the lowest masses and high redshifts.
INTRODUCTION
In the now established ΛCDM cosmology, structure grows hierarchically (e.g. White & Rees 1978) , making mergers an inescapable element in galaxy formation. Thirty years ago, Toomre (1977) proposed the "merger hypothesis," that major mergers between spirals could result in elliptical galaxies, and the combination of detailed observations of recent merger remnants (Schweizer 1982; Lake & Dressler 1986; Doyon et al. 1994; Shier & Fischer 1998; James et al. 1999; Genzel et al. 2001; Tacconi et al. 2002; Dasyra et al. 2006 Dasyra et al. , 2007 Rothberg & Joseph 2004 ; van Dokkum some of the quasar population (Sanders et al. 1988; Canalizo & Stockton 2001; Guyon et al. 2006; Dasyra et al. 2007; Bennert et al. 2008) . Although the precise role of mergers is debated, the existence of tight correlations between black hole mass and spheroid properties such as stellar mass (Magorrian et al. 1998) , velocity dispersion (Ferrarese & Merritt 2000; Gebhardt et al. 2000) , and binding energy (Hopkins et al. 2007c,b; Aller & Richstone 2007; Younger et al. 2008a) imply that the growth of black holes, dominated by bright quasar phases (Soltan 1982; Salucci et al. 1999; Yu & Tremaine 2002; Hopkins et al. 2007e; Shankar et al. 2009 ), is fundamentally linked to the growth of spheroids.
Despite the importance of galaxy mergers, the galaxygalaxy merger rate and its consequences remain the subject of considerable theoretical and observational debate. Halo-halo merger rates have been increasingly well-determined with improvements to high-resolution dark matter only simulations, with different groups and simulations yielding increasingly consistent results (see e.g. Gottlöber et al. 2001; Stewart et al. 2008 Stewart et al. , 2009a Fakhouri & Ma 2008b; Wetzel et al. 2009a; Genel et al. 2008) . But mapping halo-halo mergers to galaxygalaxy mergers is non-trivial, and there are a number of apparent disagreements in the literature (both theoretical and observational) over the absolute rate of galaxy mergers as a function of galaxy mass and merger mass ratio. Moreover, although most of the literature has focused on the most violent events (major mergers), various high-resolution simulations have shown that a sufficiently large number of minor mergers (in a sufficiently short period of time) can do as much to build bulge 8 mass as a smaller number of major mergers (Naab & Burkert 2003; Bournaud et al. 2005; Younger et al. 2008a; Cox et al. 2008; Hopkins et al. 2009b) . So it remains a subject of debate whether or not minor mergers are important for (or may even dominate) bulge formation. Indeed, several questions arise. What is the galaxy-galaxy merger rate as a function of mass ratio, galaxy mass, and redshift? Which mergers -major or minor -are most important to bulge formation? Is this a function of galaxy mass and/or bulge-to-disk ratio? What is the typical merger history through which most of the bulge mass (and, by implication, black hole mass) in the Universe was assembled? What room does this leave for secular or non-merger related processes?
The relative importance of mergers of different mass ratios is critical for understanding the structure of spheroids and the related processes above. Although, in principle, a sufficiently large number of minor mergers could build the same absolute bulge mass as a couple of major mergers, various simulations have shown that the two scenarios produce very different structural properties in the remnants, including rotation and higher-order kinematics, flattening and isophotal shapes, profile shapes, central densities, effective radii, and triaxialities (Weil & Hernquist 1994 , 1996 Burkert et al. 2008; Naab et al. 2009; Hoffman et al. 2009 ). Sufficiently minor mergers may not even preferentially form elliptical-like "classical" bulges, but rather disklike "pseudo-bulges," which have typically been associated with secular (non-merger) processes (Younger et al. 2008a; Eliche-Moral et al. 2008) . These different channels clearly imply dramatically different formation timescales and histories, also important for understanding the star formation histories, stellar populations, colors, abundances and α-enrichment of spheroids, and their gradients (see e.g. Mihos & Hernquist 1994a; Hopkins et al. 2009a; Ruhland et al. 2009; Foster et al. 2009) .
Basic questions such as whether or not individual galaxies move continuously in small increments in the Hubble diagram, or can change types significantly, depend on the kind of mergers in which they form. Clearly, if e.g. small bulges in late-type disks are preferentially formed in early major mergers that destroy the disk (a new disk being later accreted), or if they form in situ in minor mergers that only partially affect the disk, the implications for their evolution and the demographics of bulges and disks are substantial. Moreover, to the extent that starburst and/or AGN activity are coupled to bulge formation in mergers, the magnitude, duty cycles, and cosmological evolution of these events is clearly directly linked to the kinds of mergers triggering activity -one would expect continuous, high-duty cycle but low-level activity from sufficiently minor mergers, with more dramatic, dusty, shorter duty-cycle activity in major mergers (Hopkins & Hernquist 2006 Hopkins et al. 2009d ). Whether or not observations could, in principle, see evidence of merger-induced activity in these systems also depends on the kinds of mergers that dominate bulge formation, as does the question of whether or not every bulge/massive elliptical passed through a ULIRG/quasar phase in its formation.
Conditions are ripe to address these questions. In addition to the convergence in theoretical predictions of the halo-halo merger rate, observations have greatly improved constraints on halo occupation statistics: namely, the stellar mass distributions of galaxies hosted by a halo/subhalo of a given mass. Observational constraints from various methods yield consistent results with remarkably small scatter (discussed below), and have been applied from redshifts z = 0 − 4 (albeit with increasing uncertainties at higher redshifts). Furthermore, to lowest order, many of the most salient properties for this application appear to depend primarily on halo mass. That is, at fixed M halo other properties such as redshift, environment, color, satellite/central galaxy status, or morphology have a minor impact (see e.g. Yan et al. 2003; Zentner et al. 2005; Tinker et al. 2005; Cooray 2005; Weinmann et al. 2006a; van den Bosch et al. 2007; Conroy et al. 2007; Zheng et al. 2007) , the dependence of these properties on mass and one another all being expected consequences of a simple halo occupation distribution. Populating well-determined halo mergers with well-constrained galaxy properties can yield predictions for the galaxy-galaxy merger rate without reference to any (still uncertain) models of galaxy formation and with small uncertainties (as demonstrated in Stewart et al. 2009a ). Meanwhile, numerical simulations are beginning to converge in predicting how the efficiency of bulge formation scales with merger mass ratio and other basic parameters (orbital parameters, gas fractions, etc.), making it possible to robustly predict how much bulge should be formed by each event in a given merger history.
In this paper, we present a simple, empirical model using this approach to predict galaxy-galaxy merger rates, and the relative contribution of mergers as a function of mass ratio, each as a function of galaxy mass, redshift, and other properties. We compare variations to the modeling within the range permitted by theory and observations, and show that the questions above can be answered in a robust, largely empirical fashion, and without reference to specific models of galaxy formation.
In § 2 & § 3, we outline the semi-empirical model adopted and show how observed halo occupation constraints lead to galaxy-galaxy merger rates. In § 4 we use this semi-empirical model to predict galaxy-galaxy merger rates as a function of mass ratio, galaxy stellar mass, and redshift. In § 5 we use these predicted merger rates together with the results of highresolution simulations to identify the relative importance of different mergers as a function of mass ratio, mass, and redshift. In § 6, we extensively vary the model parameters to test the robustness of these conclusions. In § 7, we summarize our conclusions.
Except where otherwise specified, we adopt a WMAP5 cosmology with (Ω M , Ω Λ , h, σ 8 , n s )= (0. 274, 0.726, 0.705, 0.812, 0.96) (Komatsu et al. 2009 ) and a Chabrier (2003) IMF, and appropriately normalize all observations and models shown. The choice of IMF systematically shifts the normalization of stellar masses herein, but does not otherwise change our comparisons.
Throughout, we use the notation M gal to denote the baryonic (stellar+cold gas) mass of galaxies; the stellar, cold gas, and dark matter halo masses are denoted M * , M gas , and M halo , respectively. When we refer to merger mass ratios, we use the same subscripts to denote the relevant masses used to define a mass ratio (e.g. µ gal = M gal, 2 /M gal, 1 ), always defined such that 0 < µ < 1 (M gal, 1 > M gal, 2 ).
THE SEMI-EMPIRICAL MODEL
In order to track merger histories with as few assumptions as possible, we construct the following semi-empirical model, motivated by the halo occupation framework. Essentially, we assume galaxies obey observational constraints on disk masses and gas fractions, and then predict the properties of merger remnants. The model is described in greater detail in Hopkins et al. (2009g) , and a similar variant based on subhalo mergers presented in detail in Hopkins et al. (2008d,b) , but we summarize the key properties here.
Note that what we describe here is our "default" model. In § 6, we will systematically vary every part of this model, and show that our conclusions are robust.
Step 1: The Halo+Subhalo Mass Function
At a given redshift we initialize the halo+subhalo population, onto which we will "paint" galaxies. We do this following the standard Sheth et al. (2001) mass function, calibrated to match the output of high-resolution N-body simulations. Note that the total halo mass function (which is what we use to map central galaxy stellar mass to primary halo mass) is nearly identical to the halo+subhalo mass function -as such, including the subhalos explicitly at this stage (which we can do following the fits or methodology in e.g. Vale & Ostriker 2006; Gao et al. 2004; Nurmi et al. 2006; ) makes almost no difference to any of our results. This choice, and the known ∼ 5% uncertainties in halo mass functions are negligible compared to other uncertainties in our model. We will also, in § 6, consider how systematic changes in the halo MF owing to different cosmological parameters affect our results, and show that the differences are minimal.
This defines a primary halo mass function. There are of course subhalos in each halo -defining the systems that will ultimately merge and therefore be of interest here -but these come in the first place from mergers of other halos, which we will need to model. We describe this below.
2.2.
Step 2: Painting Central Galaxies Onto Halos At a given redshift, we use the halo occupation formalism to construct a mock sample of galaxies, each with a parent halo or subhalo. Specifically, we begin with the observed galaxy stellar mass function (MF), which we take as given. Generally, we will be interested in all galaxies (i.e. the total galaxy stellar mass function). But if we wish to specifically identify only gas-rich or star-forming galaxies, we can just use observations that separate the mass function of those galaxies alone (i.e. that of star-forming or "blue" galaxies). 9 We then assign each galaxy to a halo or subhalo in a simple manner following the standard halo occupation methodology described in ; ensuring, by construction, that the galaxy mass function and galaxy clustering (as a function of stellar mass, galaxy color, and physical scale) is exactly reproduced. This essentially amounts to a simple "rank ordering" procedure, whereby both galaxies and halos+subhalos are rank-ordered in mass 10 , and then assigned to one another in a one-to-one fashion.
Uncertainties in Galaxy Masses and the Mapping
The observational uncertainties in the galaxy abundance are a potential source of uncertainty in the model, especially at high redshifts. We will therefore consider three different determinations of the total galaxy stellar MF as a function of redshift, in our "default" model (the model is otherwise identical, but will use one or another determination of the MF). Further variations are explored in § 6, as well. These are taken from (1) ) (our "default" choice, when no other is specified), (2) Pérez-González et al. (2008b) , and (3) Fontana et al. (2004) .
Each of these stellar MFs is directly constrained as a function of redshift out to at least z > 4, more than sufficient for our (generally lower-redshift) predictions here. The specific choices are not important -we could just as well use a number of other observations in the literature (e.g. Bundy et al. 2005; Pannella et al. 2006; Franceschini et al. 2006; Borch et al. 2006; Fontana et al. 2006; Brown et al. 2007; Marchesini et al. 2009; Kajisawa et al. 2009 ). We choose these three because they bracket the extremes in all of these different observations. Specifically, the differences between mass functions (1)-(3) represent the range across all these different samples. Those, in turn, reflect uncertainties owing to a combination of cosmic variance, selection/completeness, and different methods used to determine galaxy stellar masses (which can easily contribute ∼ 0.3 − 0.5 dex uncertainties in especially the highredshift stellar mass measurements; see Moster et al. 2009; Marchesini et al. 2009; Behroozi et al. 2010) . The compi-9 At z < 2, we adopt the measurements of the type-separated galaxy stellar mass functions from Ilbert et al. (2009) , if such separation is desired. At redshifts z > 2, type-separated MFs are no longer available, so we simply assume all systems are star-forming; however, the fraction of massive galaxies that are "quenched" and red has become sufficiently low by z = 2 (and is rapidly falling) that it makes little difference (e.g. adopting the upper limitthat the red fraction at all masses at z > 2 is equal to that at z = 2 -makes no difference to our predictions). 10 In what follows, the term "mass" of a subhalo will always, unless otherwise specified, refer to the "infall" or maximum mass of the subhalo, preaccretion (i.e. the maximum mass the system had while it was still a primary halo, before being accreted and becoming a subhalo). This is what is important for the galaxy properties, and what enters into the HOD rank-ordering methodology. Obviously, at a later time after accretion, tidal stripping can arbitrarily reduce the subhalo mass, but this should not change the original accreted galaxy mass. lation in Pérez-González et al. (2008b) draws from a large number of different observations, and thus is a representative "average." The mass function choice in is interesting because the authors do not directly present a stellar MF measurement. Rather, they present a fitted stellar MF versus redshift that is fitted to both various observations of stellar masses and to the history of galaxy SFR versus mass and redshift. As such, the well-known discrepancy between high-redshift SFRs and stellar mass buildup is apparent (see Hopkins & Beacom 2006) . The authors address this by adjusting the stellar MF at high redshifts to fit the SFR measurements. As such, it represents a completely independent constraint on the stellar MF evolution, and is representative of the stellar MF that would be obtained with fairly radically different assumptions (for example, a stellar IMF that evolves with redshift). To this extent, it provides something of an upper limit to the uncertainties in the galaxy mass-halo mass mapping.
Note that other methods of HOD fitting (other than our rank-ordering approach) yield very similar results. Allowing e.g. for scatter in the M gal − M halo relation or fitting some prior assumed functional form (say e.g. a double-power law relation between these quantities, separately for central and satellite galaxies, with assumed lognormal scatter), yields little difference from the rank-ordering method and very small (< 0.1 dex) scatter (see e.g. Wang et al. 2006; Pérez-González et al. 2008a; Brown et al. 2008; Behroozi et al. 2010) . We consider such methodological distinctions in § 6, and find that they make little difference to our conclusions.
Attaching Other Galaxy Properties
If and when other galaxy properties are required as input for the model, these too are assigned according to observations. For example, in § 5.4 we consider galaxy gas fractions. These are assigned to each galaxy according the observed correlations between galaxy gas mass and stellar mass, which have been quantified at a range of redshifts from z = 0 − 3. As discussed there, we have compiled observations from the available sources, spanning this redshift range and a stellar mass range from M * ∼ 10 10 − 10 12 M ⊙ (more than sufficient dynamic range for the predictions of interest here), specifically from Bell & de Jong (2000) We find that these observations can be well-approximated as a function of galaxy stellar mass and redshift with the fitting functions presented in Stewart et al. (2009b) , and therefore simply adopt those, with a simple lognormal scatter term of ∼ 0.2 dex representative of the observed scatter at a given stellar mass. But adopting any individual measurement of these quantities instead gives very similar results.
11 Of 11 At z = 0, the gas fractions measured are based on measured atomic HI gas fractions; Bell & de Jong (2001) Kannappan (2004) gives just the atomic HI gas fractions (this leads to slightly lower estimates, but still within the range of uncertainty plotted; H 2 may account for ∼ 20 − 30% of the dynamical mass, per the measurements in Jogee et al. 2005) . We emphasize that these gas fractions are lower limits (based on observed HI flux in some annulus). At z = 2, direct measurements are not available for most samples; the gas masses from Erb et al. (2006) are estimated indirectly based on the observed surface densities of star formation course, the uncertainties in gas fractions and other properties increase at higher redshifts, but these are still sub-dominant in their ultimate effects compared to the growth in uncertainty in the stellar mass function itself.
2.3.
Step 3: Halo-Halo Mergers The next step towards identifying merging galaxies is to identify merging halos. The halo-halo merger rate (i.e. the rate at which formerly primary halos are accreted onto other primary halos and thus become subhalos) is well-measured in cosmological simulations and defined in the extended PressSchechter formalism. In our default model, we determine this rate, as a function of halo mass, merging halo mass ratio, and redshift, from the fits presented in Fakhouri & Ma (2008b) , determined from high-resolution N-body simulations (Springel et al. 2005c) . We can include scatter in this as well; Fakhouri & Ma (2008a) quantify the scatter in halo-halo merger rates across populations. For a given halo population and arbitrary time interval, we can then statistically assign all halo-halo mergers that have occurred in that interval. We vary the determination of the halo-halo merger rate in § 6 (using e.g. the results of different dark matter simulations, simulations with gas included, and selecting halos differently), and find that it makes little difference.
The galaxy properties of the secondary are defined at the time when it first becomes a subhalo -i.e. when the secondary halo mass is its infall/maximum pre-accretion mass (when the halo-halo merger occurs). The primary galaxy continues to obey the normal M gal − M halo relation for its total halo mass. So if the M gal − M halo relation evolves with redshift, the primary galaxy will lie on the relation defined at the moment the actual merger occurs. The secondary will lie on the relation defined at the moment of the halo-halo merger (the subhalo instantaneous mass by the time of merger being much smaller). This is the basis for the rank-ordering method of assigning subhalo populations, and is key to the agreement between the observed small-scale clustering of galaxies and that produced by the models here.
2.4.
Step 4: From Halo-Halo to Galaxy-Galaxy Merger Of course, a halo-halo merger is not a galaxy-galaxy merger. We need to follow the recent subhalos until the time when the galaxies themselves will actually merge. There are two general methods to do this. The first, and our choice in this "default" model, is to assign a "merger time" -essentially, a delay timescale, usually calibrated from the results of high-resolution simulations, that represents the time for orbital decay from the initial halo-halo merger. This is the standard approach adopted in many semi-analytic models and models based on the extended Press-Schechter formalism. There are different possible choices for this merger time, and we will consider several of them in § 6. For our default model, we adopt the most common: the dynamical friction time. Specifically, we use the dynamical friction timescale for galaxy-galaxy merger with respect to the initial halo-halo and assuming that the z = 0 Kennicutt law holds. However other observations suggest that it does indeed hold (Bouché et al. 2007) , and other indirect estimates yield similar results (Cresci et al. 2009; Mannucci et al. 2009 ). Moreover recent observations have been able to directly measure the molecular gas content of galaxies at z ∼ 2 − 4, and where available these measurements agree very well with the assumed fgas(M * , z) relations used here (see e.g. Tacconi et al. 2010) . We therefore conclude that although appropriate caution is due at high redshift, radical departures from our assumptions are unlikely.
merger, calibrated as a function of galaxy mass, mass ratio, redshift, and orbital parameters in high-resolution merger simulations in Boylan-Kolchin et al. (2008) . Specifically the formula they present is:
where H is the Hubble constant at z, M 1 and M 2 the halo masses at the moment of the halo-halo merger, η = j/ j c (E) is the standard "circularity parameter" ( η ≈ 0.5), and r c (E) is the circular radius for an orbit with energy E (trivially related to the pericentric passage distance r peri /r vir , more usually quoted). Note that this explicitly depends on the merger orbital parameters. This allows us to incorporate the scatter in merger times seen in full cosmological simulations. Specifically, the cosmological distribution of the orbital parameters η and r peri /r vir are presented in Benson (2005) ; Khochfar & Burkert (2006) . Drawing randomly from these distributions, we can thus determine some Monte Carlo merger population.
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In general, varying the prescription for the merger "delay," across the entire physically plausible range, as we do in § 6, leads to factor ∼ 2 systematic differences in the merger rate.
An alternative approach to following galaxies to their galaxy-galaxy merger from the halo-halo merger is to track the subhalos directly in cosmological simulations. In other words, given some cosmological population of halos, we can follow the bound substructure of the subhalo after an initial halo-halo merger, until the subhalo reaches some sufficiently small radius or is completely disrupted, at which point we define the "merger" to have occurred. Given this methodology, we can define a "subhalo" merger rate -i.e. a merger rate of subhalos being destroyed in primary halos (as opposed to a rate of those subhalos simply "falling into" those halos). If the simulation is sufficiently high resolution, the subhalo final merger/destruction should correspond closely to the actual galaxy-galaxy merger between the primary halo central galaxy and the satellite galaxy hosted by the subhalo (actually, so long as the subhalos are tracked long enough that the "remaining" merger time, after subhalo destruction, is small relative to the Hubble time, this is sufficient).
With such a measured subhalo destruction rate from simulations, we can convolve with the determined M gal − M halo distribution and define directly the galaxy-galaxy merger rate. Again we stress that M halo for the subhalos, as enters into this calculation and determines M gal is the infall or maximum pre-accretion mass (as it generally should be, since the galaxy, pre-accretion, would lie on the M gal − M halo relation for a normal central galaxy, not "knowing" it would be accreted at some time in the future), as the subhalo instantaneous (post-accretion, stripped) mass goes to zero at the time of destruction/merger. Such an approach automatically accounts for e.g. the orbit distribution of subhalos; however, it has its own uncertainties -subhalos are not baryonic galaxies, and the subhalo-subhalo merger time can differ from the galaxy-galaxy merger time by factors of up to several (owing to the resonant effects of baryons, and finite resolution limits). In any case, in § 6, we will consider several such deter-minations of the subhalo merger rates instead of our merger "delay" approach, with each using slightly different methodologies (see e.g. Stewart et al. 2009a; Kravtsov et al. 2004; Zentner et al. 2005; , and show that they yield similar results to our merger "delay" approach. We should note that the formula from Boylan-Kolchin et al. (2008) is calibrated as the total time from halo-halo merger to galaxy-galaxy merger in live simulations; thus, it implicitly includes all the effects seen in a full simulation (e.g. continuous mass loss/stripping of the satellites, resonant effects on near-passage of the galaxies, and baryonic effects on the halos).
Thus, after the convolution with the merger timescale, we obtain the rate of galaxy-galaxy mergers as a function of galaxy mass M * , redshift z, and galaxy-galaxy baryonic mass ratio µ gal .
2.5.
Step 5 (Optional): Linking Populations Across Different Epochs If we desire only instantaneous quantities (e.g. the merger rate), then what we have already described is entirely sufficient, and we can simply re-initialize the model at any redshift where we want to make predictions.
However, we will occasionally desire integral quantities (for example, how many mergers a given galaxy is likely to have experienced in its history). There are several choices of method to calculate these.
The simplest is our choice in the "default" model. Recall, we only need to integrate quantities such as the merger history statistically. And we will quote quantities such as the number of mergers for the primary branch of the halo merger tree. As such, we can use the fact that for a halo of mass M 0 at z = 0, the median primary progenitor mass at higher redshift M h (M 0 , z) (and its scatter) is a well-measured function from cosmological simulations (in other words, for a halo of mass M 0 , we know the distribution of progenitor masses M h (M 0 , z) at some higher z). We can then integrate over average histories, for example for the merger rate:
In our default model, we adopt the fits to the average halo growth tracks/progenitor mass distribution given as a function of halo mass and redshift in Neistein et al. (2006) , calibrated to match the results of high-resolution N-body simulations.
Of course, at each redshift z in the integral above, our steps 1 − 4 are implicit in obtaining the relevant galaxy properties. Note that this is effectively the same as beginning with some population of halos and evolving them forward along the average growth tracks defined by M h above, where we integrate the halo mass forward using the merger rates and assign any shortfall to "unresolved" or "diffuse" accretion (since only mergers with mass ratios µ gal 10 are of real significance here, it makes no difference if this mass technically comes from very small halos or truly diffuse material). This guarantees that the halo+subhalo population matches the total halo mass function at all times. Re-assigning quantities such as M gal (M halo ) at each time, according to the observational constraints at each redshift, is equivalent to assigning the galaxy some net growth in stellar mass (star formation rate) and gas mass (inflow minus outflow), but without a prior on how much of each is in a bulge or disk component. 13 We 13 If, for example via some rapid mergers, a galaxy exceeds the can therefore compare the implied growth rate to observations, such as the observed stellar mass-star formation rate relation (Noeske et al. 2007a) . For example, the interpolation between HODs at different redshifts implies that the SFR in star-forming galaxies scales very crudely as ∝ M (0.3−0.6) *
(1 + z)
(1.5−2.5) at z 2 (with a sharp decline above the turnover mass ∼ L * ), which agrees well with a number of different observational estimates (see e.g. Blain et al. 1999; Noeske et al. 2007b,a; Papovich et al. 2006; Martin et al. 2007; Bell et al. 2005; Damen et al. 2009 ). In fact, a more rigorous comparison shows quite good agreement -this exercise, for a halo occupation model that is effectively equivalent to the one used here, is presented in , who find very good agreement both with observations of the integrated SFR versus redshift and the specific SFR in galaxies at different masses. Also, see Lee et al. (2009) and Zheng et al. (2007) , who perform a corresponding analysis and obtain similar conclusions. The variation in predictions between our different models is comparable to that in the different models considered in these papers. (And recall, at least one of the mass function fits we adopt throughout is adjusted specifically to match the SFR versus galaxy mass and redshift relation; as such, agreement with these observations is ensured by construction). And despite its simplicity, our approach effectively guarantees a match to various other halo occupation statistics including stellar mass functions and the fraction of active/passive galaxies as a function of mass (Yang et al. 2005; Weinmann et al. 2006a,b; Gerke et al. 2007 ). In the model here, the galaxies are initially (at high redshift) disks; when a merger occurs, we use the model results from Hopkins et al. (2009b) to determine how much of the galaxy is converted from disk to bulge. The models used a suite of several hundred high-resolution hydrodynamic simulations, including star formation, black hole growth, and feedback from both to quantify the efficiency of bulge formation as a function of merger mass ratio, 14 orbital parameters, gas M gal (M halo ) relation, our model implicitly assumes its growth stalls until the halo "catches up"; if it falls below the relation, it experiences the necessary gas accretion and star formation for itself to catch up. 14 It is important to use the "appropriate" mass ratio, for which the scalings presented in Hopkins et al. (2009b) are calibrated. In detail, the authors find that the most dynamically relevant mass ratio is not strictly the baryonic galaxy-galaxy ratio µ gal nor the halo-halo ratio µ halo . Rather, the important quantity is the tightly bound material that survives stripping to strongly perturb the primary. Generally speaking, this is the baryonic plus tightly bound dark matter mass (the central dark matter mass, being tightly bound in the baryonic potential well, is robust to stripping in simulations; Quinn & Goodman 1986; Benson et al. 2004; Kazantzidis et al. 2008; Purcell et al. 2009 ). This can be reasonably approximated as the baryonic mass plus dark matter mass within a small radius of one NFW scale length (rs = r vir /c, where c ∼ 10 is the halo concentration; i.e. a few disk scale lengths). We find that around this range in radii, our results are not very sensitive to the precise definition, and in general, the baryonic mass ratio µ gal is a good proxy for the mass ratio calculated with this baryonic+tightly bound dark matter mass. However, in e.g. dark-matter dominated systems such as low-mass disks, the difference is important in particular for the absolute efficiency of bulge formation. Therefore, since this is what the simulation results are calibrated for, we adopt this mass ratio definition to calculate the dynamics in a given merger. However, this is not observable; we therefore present the predicted merger rates and their consequences in terms of an observable and easily-interpreted ratio µ gal (this also makes it possible to compare to fraction, and other properties. The large suite of simulations spans the parameter space of interest, so there are good simulation analogues to the cosmologically anticipated mergers here, for which we can simply adopt the fits therein to model their bulge formation.
The details are presented in Hopkins et al. (2009b) -specifically they provide fitting functions (their Equations 7-10 & 27) that give the exact fraction of both the stellar and gaseous disks converted to bulge, as a function of merger mass ratio, gas fraction, and orbital parameters (all quantities that are determined in our model).
15 These scalings are all tested against the suite of simulations therein, and shown to provide accurate fits with < 0.3 dex scatter over the entire dynamic range of merger types of interest for this paper (see their Figure 16 ). In detail, the authors there define "bulge" as the stellar population that is dynamically supported by dispersion (as compared to "disk" stars supported by rotation, and all cold gas, hence star formation, which is part of the disk). They show that this agrees fairly well with decomposition of the observable stellar mass profile into an exponential disk and r 1/4 -law bulge. But the bulges thus defined are generally "classical" bulges, by various observational definitions; as such, this is the "bulge mass" that we predict in this paper (pseudobulges, in any case, are believed to form primarily via disk instabilities, which we are not modeling here). We refer to that paper for the full equations, but in an approximate sense, in a merger of mass ratio µ, a fraction ∼ µ of the primary stellar disk is violently relaxed and adds its low-density material to the bulge, and a fraction ∼ (1 − f gas ) µ of the gas loses its angular momentum and participates in a nuclear starburst, adding high-density starburst material to the bulge. The factor (1 − f gas ) represents the fact that the gas cannot be violently relaxed as stars are (because it is collisional); rather, it must lose angular momentum to the stars (which have a mass fraction in the disk ∝ 1 − f gas ) -so in systems with increasing gas fractions, the efficiency of gas angular momentum loss decreases. This has very important consequences both for understanding what has now been seen in essentially all simulations of sufficiently high gas-fraction disks (both high-resolution and cosmological; see e.g. Robertson et al. 2006; Cox et al. 2008; Robertson & Bullock 2008; Okamoto et al. 2005; Scannapieco et al. 2008; Governato et al. 2007 Governato et al. , 2008 , and for the global census of bulge and disk populations and survival of e.g. thin disks (Stewart et al. 2009b; Hopkins et al. 2009g ). The true scalings are more detailed (see Hopkins et al. 2009b ) but this represents the important physics.
In § 6, we discuss the consequences of using other, less accurate approximations to the behavior seen in full highresolution simulations of galaxy mergers. We find that so long as the key scalings with mass ratio are at least qualitatively similar, our conclusions are unchanged.
Summary
other results in the literature). Again, the qualitative scalings are the same, but it is important to use the full information available in the model to calculate the merger dynamics. We include all mergers above a minimum mass ratio µ gal ∼ 0.01, although our results are not sensitive to this limit so long as it is small. 15 The efficiency of bulge formation does depend on merger orbital parameters -namely the relative inclination angles of the merging disks -so we simply draw them at random assuming an isotropic distribution of inclinations (allowing some moderate inclination bias makes no difference).
Together, these simple assumptions are sufficient to define a "background" galaxy population. There are degeneracies in the model -however, we are not claiming that this is unique nor that it contains any physics other than the number and effects of mergers. For our purposes, the precise construction of the empirical model is not important -our results are unchanged so long as the same galaxy mass-halo mass relation and gas fraction distributions are reproduced as a function of galaxy mass and redshift. The importance of all the above is the following. (1) Observed galaxy stellar mass functions, the galaxy stellar mass and halo or subhalo mass relations, and the distributions of galaxy gas fractions as a function of stellar mass and redshift are all reproduced exactly as observed, at all redshifts z = 0 − 4 where observational constraints exist, by construction in the model. (2) Observed galaxy-galaxy clustering, both on large scales (the "two-halo" term, where it is primarily a function of halo mass) and small scales (the "one-halo" term, where it reflects subhalo/satellite halo occupation statistics), at those redshifts z = 0 − 4, are also reproduced by construction. Since this is built into the model explicitly, we do not show such a comparison, but Conroy et al. (2006) , Wang et al. (2006) , and Zheng et al. (2007) all show illustrations demonstrating that the simple methodology here yields (again by construction) excellent agreement with observed galaxy-galaxy correlation functions from scales of 50 kpc through 10 Mpc, at redshifts z = 0, 1, 2, 3 and 4, as a function of galaxy mass or luminosity, and galaxy color. (3) The only purpose of simulations ultimately, in this model, is (as in all halo occupation models) to provide a means of linking (statistically) galaxies at two different times. In other words, knowing the observed distribution of galaxy stellar masses and their separations, we use the dynamics which can be followed in the simulation to say which of these galaxies will merge in a given time interval (or again, some statistically approximation such as which fraction of the systems inside some distance). Likewise, we can ask where the systems that have such mergers "end up" in halo or stellar mass.
Together, this defines the suite of models adopted here. This is, by construction, a minimal model, and may leave out important details. However, in § 6, we systematically vary the model assumptions, and find that our conclusions are robust. Figure 1 illustrates how the combination of halo-halo merger rates and the observed halo occupation distribution determines galaxy-galaxy merger rates.
THE CONSEQUENCES: HOW HALO OCCUPATION STATISTICS CHANGE GALAXY-GALAXY MERGER RATES
First, we show the halo occupation function itself (top left of Figure 1 ): for our purposes, this function is summarized in the most important quantity, the average galaxy baryonic mass hosted by a halo of a given mass M gal (M halo ). If galaxy formation were efficient this would simply be M gal = f b M halo , where f b is the Universal baryon fraction, and galaxy-galaxy mergers would directly reflect halo-halo mergers. However, the relation between M gal and M halo is non-trivial.
We show several observational constraints on this quantity at redshift z = 0 (although we note that it is not redshiftindependent, according to the observational constraints used for the HOD herein). First, the combination of the observed abundance and clustering of galaxies of a given mass have long been known to set tight constraints on M halo (M gal ). We show a recent determination of these constraints, from clustering and abundance of local SDSS galaxies in Wang et al. (2006) . 16 Second, we show the empirical "monotonic" or "rank ordering" results: it has been shown that good fits to halo occupation statistics (group counts, correlation functions as a function of galaxy mass and redshift, etc.) over a range of redshifts z = 0 − 4 are obtained by simply rank-ordering all galaxies and halos+subhalos in a given volume and assigning one to another in a monotonic one-to-one manner (see e.g. Conroy et al. 2006; Vale & Ostriker 2006 ). Here we plot the results of this exercise using the z = 0 stellar mass functions from Bell et al. (2003) . Third, we compare this to independent estimates of the average M halo (M gal ) from weak lensing studies in Mandelbaum et al. (2006) . Other independent constraints give nearly identical results: these include halo mass estimates in low-mass systems from rotation curve fitting (see e.g. Persic & Salucci 1988; Persic et al. 1996; Borriello & Salucci 2001; Avila-Reese et al. 2008) , or in high-mass systems from X-ray gas or group kinematics (Eke et al. 2004; Yang et al. 2005; Brough et al. 2006; van den Bosch et al. 2007 ).
Because it is the total baryonic mass, not just the stellar mass, that matters for e.g. defining the dynamics in a merger (a galaxy can be very massive and, in principle, contain little stellar mass), we will focus throughout this paper on that quantity (M gal and µ gal ). However, Figure 1 is qualitatively identical if we use just the stellar mass M * instead. In future work (in preparation), we will compare the consequences for the HOD, merger rates, and observable quantities such as the merger fraction resulting from different choices M * , M gal , M halo etc. in the definitions of merger mass ratio.
The second ingredient in predicting merger rates is the halohalo merger rate determined from N-body simulations. Defined as the number of halo-halo mergers per primary halo, per logarithmic interval in mass ratio µ halo ≡ M halo, 2 /M halo 1 , per unit redshift (or per Hubble time), the halo merger rate function can be approximated as (Fakhouri & Ma 2008b) 
(3) In these units, halo merger rates are nearly mass and redshiftindependent:
0.37 are weak functions of M halo and z, respectively (in terms of mergers per unit time, this rate increases roughly as (1 + z)
2 ). A number of other authors give alternative fits (see e.g. Stewart et al. 2009a; Genel et al. 2008 ), but the salient features are similar: weak redshift and halo mass dependence (in these units), power law-like behavior at low mass ratios with a slope of roughly µ −1 halo and an excess above this power-law extrapolation at high µ halo .
The (fractional) contribution to halo growth from each interval is just µ halo times the merger rate; we plot this quantity in Figure 1 (top right) as we are ultimately interested in which mergers contribute to bulge growth. Because halo-halo merger rates go roughly as dN merger /d logµ halo ∝ µ −1 halo (reflecting the shape of the halo mass function itself, and the nearly scale-free nature of CDM cosmologies), similar mass is contributed to the halo from each logarithmic interval in µ halo .
Convolving the halo-halo merger rates with the HOD (i.e. Halo occupation: median baryonic galaxy mass of the primary galaxy in a halo or subhalo, as a function of that halo or subhalo's mass (at z = 0). For central galaxies, this refers to the total (primary) halo mass; for satellite galaxies, to their subhalo "infall" mass (i.e. mass the now-subhalo had at the last time it was a primary halo). Dotted line represents maximally efficient star formation ( f b is the Universal baryon fraction). We compare empirical constraints from clustering (Wang et al. 2006) , weak lensing (Mandelbaum et al. 2006) , and abundance matching ('monotonic'; Conroy et al. 2006 ). Our default model is constructed to match these constraints. Top Right: Differential contribution to growth from different mass ratio mergers, i.e. merger rate per logarithmic interval in mass ratio and unit redshift, dNmergers d log µ −1 d z −1 , weighted by µ. Dotted line is for halos or, equivalently, would be for galaxies if M gal ∝ M halo were the actual HOD. Blue solid line is the result for ∼ L * (M * ≈ 10 11 M ⊙ ) galaxies, given the observed HOD. Bottom Left: Cumulative contribution of different mass ratio mergers to the z = 0 spheroid mass density (or halo mass density), integrated over all galaxy (halo) masses. Bottom Right: Differential version of the same. Because galaxy mass is not simply proportional to halo mass, bulge growth is dominated by major mergers while halo growth is contributed to by a wide range of mass ratios. We focus on M gal rather than just the stellar mass M * because the former, not the latter, matters for the dynamics in mergers; however the conclusions using M * are qualitatively identical.
populating each halo with a galaxy of the appropriate mass), and the appropriate time lag between halo-halo and galaxygalaxy merger, we obtain the galaxy-galaxy merger rate, now in terms of the galaxy-galaxy mass ratio µ gal = M gal, 2 /M gal, 1 .
In Figure 1 , we compare this function (evaluated at ∼ L * or M gal ≈ 10 11 M ⊙ , where most of the stellar mass in the Universe is concentrated) to that obtained for halos.
Integrating over the galaxy history in our models, Figure 1 (bottom left) shows the fraction of the total z = 0 bulge/halo mass contributed by mergers with a mass ratio above some µ gal , i.e.
where µ ′ gal refers to the mass ratio of the merger that formed each differential unit dm bulge of the final bulge mass M bulge , and
. Note that this can be defined over the bulge mass of an individual galaxy, over all bulge mass in galaxies in a narrow interval in mass M gal , or over all galaxies (i.e. integrating over the bulge mass function). We show the latter.
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We also show the differential version (bottom right): the fraction of z = 0 bulge mass contributed per logarithmic interval in merger mass ratio d f bulge /d log µ gal .
For halos (or equivalently for galaxies if the trivial mapping M gal ∝ M halo were true), the distribution of bulge mass fraction from mergers of different mass ratio is quite broad, as expected: only ∼ 50% of halo mass comes from mergers with µ > 0.1. Because halo-halo merger rates are nearly selfsimilar, the differential version of this reflects the instantaneous rate also shown, with similar contributions per logarithmic interval in halo mass ratio. It is still the case, though, that ten 1:10 mergers are less common than a 1:1 merger, meaning that major mergers dominate (Stewart et al. 2008) .
In contrast, galaxy bulge assembly is biased much more towards high-mass ratio mergers, at least for ∼ L * systems which dominate the mass density. This owes to the nature of halo occupation statistics: at low masses, galaxy mass grows rapidly with halo mass (galaxy formation is increasingly efficient as one moves from low masses closer to ∼ L * ). Upon reaching ∼ L * , however, star formation shuts down relative to halo growth -in terms of the HOD, the scaling of galaxy mass with halo mass transitions from steep M gal ∝ M Since halo-halo merger rates are nearly self-similar in terms of halo-halo mass ratio, the "pileup" of galaxies near this mass means that a wide range of halo-halo mass ratios will be compressed into a narrow range of galaxy-galaxy mass ratios near µ gal ∼ 1 (see also Maller et al. 2006; Stewart et al. 2009a; Stewart 2009 ). This is a general statement: in any scenario where M halo /M gal has a minimum, the galaxy-galaxy merger rate will be weighted more towards major mergers than the halo-halo merger rate around (in particular at masses slightly above) that minimum. The minimum in M halo /M gal is empirically wellestablished, and occurs near ∼ L * , where most of the mass density lies. It is therefore inevitable that the contribution to the integrated bulge mass will be more weighted towards major mergers than to the halo mass. This is also easily understandable in terms of the mass functions of galaxies and halos. The halo mass function does not feature a sharp break, so the mass density of halos is broadly distributed over several orders of magnitude in halo mass. In contrast, the galaxy mass function reflects inefficient star formation at low and high masses, with a sharp break, and so the galaxy mass density is concentrated in a narrow range (a factor ∼ 3) around the break L * . The mass of subunits (which broadly reflects the global mass function) in halos therefore includes contributions from a wide range of mass ratios. In contrast, the bulge growth of a galaxy is dominated by systems near ∼ L * . At masses a few L * , this means major mergers will be most important. It is not until an ∼ L * galaxy represents a minor merger (i.e. galaxy masses 3 L * ) that minor mergers (again, mergers of those ∼ L * galaxies) begin to dominate the mass assembly.
GALAXY-GALAXY MERGER RATES

Scaling with Mass and Redshift
We first examine the galaxy-galaxy merger rate, given these empirical constraints. Figure 2 shows the number of mergers, as a function of mass ratio, that a typical galaxy of a given z = 0 stellar mass has experienced since z = 2. We emphasize that this is for a sample mass-selected based on their z = 0 masses; a sample selected at the same mass at higher redshift will have a systematically larger number of mergers in a similar time or ∆z interval (and will be higher mass by z = 0). Below, we discuss how these predictions compare with observations; the two generally agree well. We compare with the number of halo-halo mergers as a function of 0.01 0.10 1.00 µ gal [Galaxy-Galaxy] 0.1
0.01 0.10 1.00 µ halo [Halo-Halo] 0.1
Median number of galaxy-galaxy mergers since z = 2 above a given baryonic mass ratio µ gal for a z = 0 galaxy of the given stellar mass. The same mass selection at higher redshift intervals will systematically increase the number of mergers. The predictions here agree well with observational estimates (de Ravel et al. 2009; Conselice et al. 2009; Lin et al. 2008) . Bottom: Same, for halo-halo mergers. Owing to the shape of the HOD, the merger rate is a steep function of galaxy mass around ∼ L * , whereas the halohalo merger rate is only weakly mass-dependent. Galaxies near ∼ L * have had ∼ 1 major merger since z = 2. halo mass ratio, for typical corresponding halo masses. The two are quite different, for the reasons discussed in § 3: essentially, at low masses, M gal ∝ M 2 halo , so a 1:3 µ halo merger becomes a 1:9 µ gal merger, and merger rates at each µ gal are suppressed. At high masses, M gal ∝ M 0.5 halo , and rates are correspondingly enhanced. At ∼ 10 11 M ⊙ , where most of the spheroid mass density of the Universe resides, the typical galaxy has experienced ∼ 0.5 − 0.7 major (µ gal > 1/3) mergers since z = 2, a fraction that corresponds well to the observed fraction of bulge-dominated early-type systems at these masses (see e.g. Bell et al. 2003) . At most masses (excepting the highest masses, where the shape of the HOD yields a strong preference towards minor mergers), the total number of mergers with µ gal 1/10 is a factor ∼ 2 − 3 larger than the number with µ gal > 1/3, and at low mass ratios µ gal ≪ 1/10, the merger rate asymptotes to a power-law with N(> µ gal ) ∝ µ −(0.25−0.5) gal . Figure 3 shows how the median merger rates evolve with redshift, for four different intervals in mass. We compare the rate of major (µ gal > 1/3) and major+minor (µ gal > 1/10) mergers. We also compare different constraints on the HOD, from fitting different galaxy mass functions and clustering data. Specifically, we show the default model here, where the function M gal (M halo ) is determined from fits to observed clustering, stellar mass functions, and star formation rate distributions in ; we compare the results adopting a monotonic ranking between galaxy and halo mass and using the redshift-dependent stellar mass functions from Fontana et al. (2006) or Pérez-González et al. (2008b) . Further variations are discussed in detail in § 6. These illustrate the robustness of the model: empirical halo occupation constraints are sufficiently tight that they contribute little ambiguity in the resulting merger rate at z < 2. Above z = 2, the results begin to diverge, as the stellar mass function is less well-determined (and few clustering measurements are available); however these higher redshifts have relatively little impact on the predictions at low-z. The major merger rate increases with mass with a slope of roughly ∝ (1 + z) 1.5−2.0 , but this is mass-dependent. The evolution in the galaxy-galaxy merger rate is somewhat shallower than the redshift evolution of the halo-halo merger rate (which scales with the Hubble time) as a consequence of the redshift evolution of the HOD.
Comparison with Observations
In Figure 4 , we compare these predictions to observed major merger fractions. As most measurements of the merger fraction do not have a well-defined mass selection, we first simply consider a large compilation of observational results compared to the predicted merger rate of ∼ L * galaxies. For now, because we are considering a range of mass and observational methodologies, we simply convert the predicted merger rate to an observed merger fraction assuming a constant observable lifetime t obs , here showing t obs = 0.5 Gyr and t obs = 1 Gyr, typical values in the literature. We also compare Kartaltepe et al. (2007) 20 h −1 kpc blue triangles Lin et al. (2004 Lin et al. ( , 2008 30 h −1 kpc pink circles Xu et al. (2004) 20 h −1 kpc blue circle De Propris et al. (2005) 20 h −1 kpc black asterisk Bluck et al. (2009) 20 h −1 kpc orange squares Bundy et al. (2009) 20 h −1 kpc green stars Bell et al. (2006b,a) Bundy et al. (2005) visual light green stars Wolf et al. (2005) visual orange diamonds Bridge et al. (2007 Bridge et al. ( , 2010 visual purple squares Lotz et al. (2006 Lotz et al. ( , 2008b Gini-M20 dark green +'s the number density of mergers versus mass, at a given redshift. The agreement appears reasonable, but there is a large scatter in the observations, mostly owing to different selection and merger identification criteria. We can also compare the predicted integrated number of mergers in Figure 2 to various observational estimates. For Table 1 ; for now, we treat them all the same. Shaded range corresponds to the predicted merger rate, convolved with an observable lifetime t obs = 0.5 − 1.0 Gyr (color denoted the mass ratio range, as labeled). Bottom: Integrated merger rate as a function of galaxy mass at z = 0.6 (in absolute units, mergers per Mpc 3 per Gyr above some minimum mass), where observations span the greatest dynamic range. Observations are from Bell et al. (2006a, blue 10 M ⊙ galaxies since z = 1 and about again as many since z = 2, they also find that the number of mergers increases significantly with galaxy mass; Lin et al. (2008) estimate that ∼ 54% of L * (M * ∼ 10 11 M ⊙ ) galaxies have experienced a µ > 0.25 merger since z = 1.2. All of these predictions can be compared with our predictions in Figure 2 , and they agree well (especially given different methodologies, masses, and redshift ranges involved).
In order to test more strictly, and to take advantage of where observable merger timescales have been rigorously calibrated, in Figure 5 we restrict our comparison to galaxy-galaxy mergers identified observationally using a consistent methodology and covering a well-defined mass range.
First, we consider pair fractions: specifically the fraction of major (µ gal > 1/3) pairs with small projected separations r p < 20 h −1 kpc (often with the additional requirement of a line-of-sight velocity separation < 500 km s −1 ), and stellar masses M * ∼ 1 − 3 × 10 10 M ⊙ or M * ∼ 0.5 − 2 × 10 11 M ⊙ . For each mass bin, the pair fractions as a function of redshift can be empirically converted to a merger rate using the merger timescales at each radius. Lotz et al. (2008a Lotz et al. ( , 2009b specifically calibrate these timescales for the same projected separation and velocity selection from a detailed study of a large suite of hydrodynamic merger simulations (including a range of galaxy masses, orbital parameters, gas fractions and star formation rates) using mock images obtained by applying realistic radiative transfer models, with the identical observational criteria to classify mock observations of the galaxies at all times and sightlines during their evolution. For this specific pair selection criterion (if we average over the typical distribution of mass ratios for mergers selected in this interval), they find a median merger timescale of t merger ≈ 0.35 Gyr, with relatively small scatter and very little dependence on simulation parameters (±0.15 Gyr). 18 We use their median t merger to convert the observations to a merger rate. Because of the weighting over merger mass ratio and orbital parameters, for which the explicit dependence is presented in these papers, we obtain the same result (within the observational error bars) if we convolve our predicted merger rates with the explicit observable merger timescale as a function of merger gas fraction, galaxy mass, redshift, mass ratio, and orbital parameters, as presented in Lotz et al. (2009b,a) . Completeness corrections are discussed in the various papers; we also adopt the standard correction from Patton & Atfield (2008) , calibrated to high-resolution simulations, for the fraction of systems on early or non-merging passages (to prevent doublecounting systems on multiple passages); but this is relatively small (20 − 40%; see also Lotz et al. 2008a) .
The advantages of these pair fractions are that: (1) the mass ratio can be determined, leading to little contamination from minor mergers, 19 (2) at such small separations, most such pairs will eventually merge, and (3) there is little ambiguity in the merger timescale, with only a factor ∼ 10 − 20% systematic uncertainty in the median/average merger timescale in high-resolution calibrations (with a ∼ 25 − 50% dispersion or variation always present about that median, owing to cosmological variation in e.g. the exact orbital parameters).
Second, we consider morphologically-selected mergers, identified on the basis of by-eye classification or automated morphological criteria such as the concentration-asymmetry (CAS) or Gini-M20 planes (see e.g. Conselice et al. 2003; Lotz et al. 2004 ). Lotz et al. (2008a) also attempt to calibrate 18 The merger timescale from simulations at this radius is shorter than the time obtained assuming dynamical friction and circular orbits in e.g. an isothermal sphere, as has commonly been done (this is assumed in e.g. both Patton et al. 2002; Kitzbichler & White 2008) . This owes to two effects: first, angular momentum loss at these radii is not dominated by dynamical friction, but rather by exchange in strong resonances that act much more efficiently (even allowing for e.g. mass loss by the secondary inside the primary halo, which is of course included in the high-resolution simulations, this has the net effect of significantly accelerating most mergers). Second, by these radii, even initially circular orbits have become highly radial, leading to shorter merger times. Because of these effects, the remaining merger time at this scale depends only weakly on initial conditions or orbital parameters -essentially, these processes have erased most of the "memory" of the original orbital configuration. This emphasizes the importance of using full simulations with baryonic effects in calibrating these timescales. 19 Note that many older studies adopt the galaxy-galaxy luminosity ratio as a proxy for mass ratio. This is not a bad approximation in e.g. numerical simulations, but could be subject to bias from e.g. differential enhancement in star formation. Obviously it is preferable to use an actual stellar mass ratio where possible. Restricting our samples to just studies with stellar masses, however, we obtain similar conclusions. Table 1 ; they are converted to merger rates given the calibration of merger times as a function of pair separation from high-resolution N-body simulations in Lotz et al. (2008a Lotz et al. ( , 2009b . We show our default model, as well as the "instantaneous" calculation obtained by assuming all galaxies lie on the z = 0 (non-evolving) SDSS HOD shown in Figure 1 . We also show the results from Stewart et al. (2009a) , using different simulation merger rates, merger trees, and HOD constraints. Bottom: Morphologically identified merger fraction in the same mass intervals, compared with predictions. The assumed timescale for identification as morphologically disturbed is ∼ 1 Gyr, again calibrated from simulations in Lotz et al. (2008a) . Observations in this case could be contaminated by minor mergers; we therefore show both major and major+minor merger fractions. The scatter is larger in morphological samples (with some probably contamination), but predictions agree within a factor ∼ 2.
the observable timescale for classification of major mergers via the Gini-M20 criterion, at rest-frame wavelengths and masses of the observations. They find an observable timescale t obs (Gini − M20) ∼ 1 Gyr, and we adopt that here, but note that the predicted timescale in this case depends much more sensitively on the depth of the observations, the waveband adopted, and properties such as the gas-richness of the merging systems. 20 Moreover, although, by definition, this methodology is complete to events that have violently disturbed the galaxy, the level of disturbance at a given merger mass ratio depends on orbital parameters and galaxy gas fractions, so a fixed level of disturbance does not correspond to a fixed merger mass ratio. Some contamination from minor mergers is likely. Jogee et al. (2009) estimate empirically that ∼ 30 − 40% of their (by-eye) morphologically-identified sample represent contamination from 1/10 < µ gal < 1/3 minor 20 For the explicit dependence on these parameters, see Lotz et al. (2009b,a) . Note that the timescale of 1 Gyr here is slightly longer than the 0.6 Gyr estimated directly from observations in Conselice (2009) (although within their quoted 1σ error bars) and in the original Lotz et al. (2008a) for radial 1:1 mergers. The difference in the latter owes to the dependence of observable timescale on gas fraction as calibrated in Lotz et al. (2009a) (here we adopt a median appropriate for the median gas fractions of the model galaxies), and from the dependence on merger mass ratio as calibrated in Lotz et al. (2009b) (where our value here represents a weighting over the mass ratio distribution down to mass ratio µ = 1/3 as appropriate for the observations here). In any case, the difference is generally smaller than the scatter between different observational estimates. mergers. We therefore compare the predicted merger fraction for µ gal > 1/3 and µ gal > 1/10. Allowing for this range, the observations agree well with the predictions. In particular, the observations using a calibration of Gini-M20 or CAS specifically matched to high-resolution hydrodynamic major merger simulations (e.g. Lotz et al. 2008b; Conselice et al. 2009 ) agree reasonably well with the predicted µ gal > 1/3 fractions. And external, purely empirical indicators favor similar merger timescales (see e.g. Conselice 2009).
A quantity closely related to the pair fraction on small scales is the galaxy-galaxy autocorrelation function (specifically that on small scales, inside the "one halo term" where it reflects galaxies inside the same parent halo). Effectively this generalizes the predicted pair fraction from < 20 h −1 kpc to all scales. But recall, the adopted halo occupation-based methodology is designed, by construction, to match the observed correlation functions as a function of mass. It is therefore guaranteed that the clustering at scales ∼ 100 kpc through 10 Mpc is reproduced as a function of galaxy mass and redshift (for explicit illustrations, see e.g. Conroy et al. 2006; Zheng et al. 2007; Wang et al. 2006 ).
Analytic Fits
It is useful to quantify the predicted merger rates with simple analytic fitting functions.
First, consider major mergers. We find that the major merger rate (number of µ gal > 1/3 mergers per galaxy per unit time), for galaxies above a given minimum stellar mass threshold (M * > M min ), can be well-fitted by the following simple function:
i.e. a z = 0 normalization A(M min ) and simple power-law scaling with redshift with slope β(M min ). Figure 6 shows these quantities, fitted to the predictions shown in Figures 3-5 , as a function of the mass M min . The trends discussed above are evident: the normalization of merger rates increases with mass, and (albeit more weakly), the dependence on redshift decreases with mass. This normalization and redshift variation can be approximated with the scalings:
and
where M 0 ≡ 2 × 10 10 M ⊙ is fixed. There is a systematic factor ∼ 2 uncertainty in the merger rate normalization A(M min ) at all M min , considering the range of models discussed in detail in § 6 below. The uncertainty in β(M min ) is illustrated in Figure 6 , approximately a systematic ∆β ∼ 0.15 − 0.20. These fits are for major (µ gal > 1/3) mergers. To rough approximation, the number of mergers as a function of mass ratio scales with the approximate form
(derived and discussed in more detail in Stewart et al. 2009a ). This is a good approximation as long as the galaxy is within an order of magnitude of ∼ L * . For the range where this function is a good approximation, it implies an approximately constant ratio of a factor ≈ 2 (0.3 − 0.4 dex) of major+minor (µ gal > 1/10) to major (µ gal > 1/3) mergers. More specifically, we can fit a function of the form of Equation 5 to the major+minor (µ gal > 1/10) merger rate of galaxies above some M min , and obtain the best-fit scalings
with similar systematic uncertainties in both A(M min ) and β(M min ) to the major merger rate. Note that these equations should be treated with caution for the most massive systems -the simple fitting functions do not extrapolate to arbitrarily high mass and the direct numerical results (e.g. Figure 3 ) should be used.
THE RELATIVE CONTRIBUTIONS TO BULGE GROWTH FROM DIFFERENT MERGERS
5.1. Overview Figure 7 illustrates how the efficiency of bulge formation scales in simulations. We show how the average B/T resulting from disk-disk mergers scales with mass ratio (approximately µ gal , but see § 2), gas fraction f gas , and merger orbital parameters, according to the fits to the hydrodynamic simulations in Hopkins et al. (2009b) . To lowest order, as discussed in § 3, the amount of bulge formed (the amount of stellar disk of the primary galaxy that is violently relaxed, and amount of gas disk that is drained of angular momentum and participates in the nuclear starburst) scales linearly 21 with the mass ratio of the encounter, ∝ µ gal . This conclusion -ultimately the important statement for our analysis -has been reached by numerous independent simulation studies, adopting different methodologies and numerical techniques, and naturally follows from the simple gravitational dynamics involved in violent relaxation (see e.g. Hernquist 1989; Barnes & Hernquist 1992; Mihos & Hernquist 1994b , 1996 Naab & Burkert 2003; Bournaud et al. 2005; Younger et al. 2008a; di Matteo et al. 2007; Hopkins et al. 2009b; Cox et al. 2008 ). In addition, observational constraints on the efficiency of merger-induced star formation support these estimates (Woods et al. 2006; Barton et al. 2007; Woods & Geller 2007) .
At fixed mass ratio, the bulge formed (remnant B/T ) can vary considerably depending on orbital parameters of the merger, in particular the relative inclinations of the disks (prograde or retrograde). This variation is shown in Figure 7 . However, in a cosmological ensemble, this will average out. Here, we assume random inclinations, but allowing for some preferred inclinations amounts to a systematic offset in the B/T predicted and will not change our conclusions regarding the relative importance of different mass ratios for bulge formation.
Another important parameter determining B/T is the merger gas fraction. To lowest order, angular momentum loss in gas is suppressed by a factor ∼ (1 − f gas ); as a result, the efficiency of bulge formation (B/T expected for a merger of a given mass ratio) is suppressed by the same factor. This can have dramatic cosmological implications, because f gas is a strong function of galaxy mass; these are discussed in detail in Hopkins et al. (2009g) . Figure 7 shows the observed dependence of disk/star-forming galaxy gas fractions on stellar mass at z = 0 and z = 2; if we assume mock galaxies on the z = 2 relation each undergo a merger of a given mass ra- 21 Note that this refers to the mass fraction which is violently relaxed, thus adding to the bulge. Disk heating and resonant processes that contribute to the thick disk or disk substructure are different. For example, Hopkins et al. (2008e) show that disk heating in minor mergers is second-order in mass ratio; Purcell et al. (2009) and Kazantzidis et al. (2009) Average bulge-to-total ratio B/T (of the classical bulge) resulting from a single merger of mass ratio ∼ µ gal between galaxies with gas fraction fgas (from simulations in Hopkins et al. 2009b ). To lowest order B/T scales as ∝ µ gal (1 − fgas). Error bar shows scatter owing to the cosmological range of orbital parameters. Center: Median observed gas fraction and scatter (error bars) for disks of a given stellar mass at z = 0 (blue) from Bell & de Jong (2001, diamonds) , Kannappan (2004, squares), and McGaugh (2005, circles) , and at z = 2 (red) from Erb et al. (2006) . Solid lines show fits to the median at each redshift. Right: Corresponding median B/T expected from mergers at z = 2 with primary of a given stellar mass and mass ratio µ gal (given the observed fgas[M * | z = 2] ). Suppression of bulge formation by gas-richness is important for the absolute bulge mass formed (especially at low masses), but because it is µ gal -independent, does not affect the relative contribution of major/minor mergers.
tio, then the resulting B/T at each mass is shown. Bulge formation will be significantly suppressed by high gas fractions in low-mass galaxies, giving rise to e.g. a strong massmorphology relation similar to that observed (Stewart et al. 2009b; Hopkins et al. 2009g ). However, it is clear in Figure 7 that the effect of f gas is a systematic offset in B/T , independent of mass ratio. Because in what follows we will generally examine the relative importance of mergers of different mass ratios (independent of gas fraction), the inclusion or exclusion of the effects of gas on merger dynamics makes little difference to our conclusions. Given these constraints from simulations on the amount of bulge formed in a given merger, and the merger rates predicted in § 4, Figure 8 shows the contribution of mergers of different mass ratios to the z = 0 stellar mass in bulges (as Figure 1) . We show this for galaxies in a narrow range of total stellar mass around three different values, and for the entire galaxy population (integrated over bulges of all masses). We specifically define this as the fraction of bulge mass formed or assembled in mergers that were above a given galaxy-galaxy mass ratio µ gal . Considering different variations to the empirical and simulation constraints (see § 6), about 60 − 70% of the globally integrated bulge mass is assembled by major mergers µ gal > 0.3, with another ∼ 30% assembled by minor mergers 0.1 < µ gal < 0.3, and the remaining ∼ 0 − 10% from a wide range of mass ratios µ gal ∼ 0.01 − 0.1.
Note that, for massive galaxies ( a few L * ), where "dry" mergers become an important channel (assembling mass already in massive bulges), there is an ambiguity in the fraction f bulge (> µ gal ) "contributed" by mergers above a given µ gal . Figure 8 illustrates this. We therefore introduce the distinction between bulge formation and bulge assembly, terms we will use throughout.
First, formation: we can define f bulge (> µ gal ) as the fraction of bulge mass originally formed, i.e. initially converted into bulge mass from disk mass (gas or stars) by mergers with some mass ratio µ gal . In other words, taking Equation 4, where for each parcel of mass in the final bulge (dm bulge ), the "contributing" mass ratio µ Cumulative contribution to original formation of spheroid mass density from mergers of different mass ratios, for galaxies of given stellar mass at z = 0 (as in Figure 1 ). "Integrated" curve refers to the integral over all bulge masses (net contribution to global spheroid mass density). Bottom: Same, but showing the contribution to the integrated spheroid assembly. Major mergers dominate near ∼ L * ; minor mergers become more important at lower/higher masses. Assembly by minor dry mergers (of bulges first formed in more major mergers) occurs at the highest masses. merger ultimately brings it into the final galaxy). This quantity answers the question "what kind of merger destroyed the progenitor disks of these galaxies?" or "what kind of merger created most bulges in the first place?". Second, assembly: we can define f bulge (> µ gal ) as the fraction of bulge mass assembled into the main branch of the galaxy by mergers with mass ratios > µ gal . Here, we take Equation 4 where, for each parcel of mass, µ ′ gal is defined by µ gal of the merger that brought it into the main progenitor branch of the final galaxy. This answers the question, "what kind of merger brought most of the present-day bulge together?" or "what kind of merger has affected most of the mass in the bulge?".
Clearly, the two are equal if all bulge mass is formed "in situ" in the main progenitor -i.e. if the secondary galaxies have no pre-existing bulges. Indeed, at low masses, where most galaxies have little bulge, there is little difference.
At high masses, however, there is a dramatic difference. This makes sense: high-mass galaxies grow primarily by dry mergers. Galaxies first become bulge-dominated around ∼ L * , then assemble hierarchically. Since most bulge mass is first formed around ∼ L * , where we see bulge formation is dominated by major mergers, we obtain the result that bulges in high-mass galaxies are primarily formed in major mergers. However, as they grow in mass via dry mergers, minor mergers become increasingly important to the assembly of the most massive systems (minor mergers bring together bulges that have already been formed). Both definitions are clearly important and have their applications; however, because of e.g. the importance for remnant kinematics and growth histories, we will generally adopt the latter (assembly-based) definition in what follows.
The most important determinants of Figure 8 are the shapes (logarithmic slopes), not normalizations, of the halo merger rate versus µ halo and function M gal (M halo ). These shapes evolve weakly with redshift, as such our results can be reasonably understood with a simple instantaneous calculation. Taking the z = 0 known M gal (M halo ) alone, we can calculate the relative contribution to the differential growth rate of bulges at z = 0 as a function of mass (essentially this amounts to populating a z = 0 simulation with the observed HOD, and evolving it forward for some arbitrarily small amount of time, then calculating the relative importance of mergers as a function of their mass ratio). Figure 9 compares the results from this simple procedure with an integration over merger history (of course, without the full merger history, we can only define this in terms of the contribution to bulge assembly, not formation). There is little difference between the two. Because at any given stellar mass the most important mergers are those that happened while the system was relatively near that mass (not mergers that happened when the system was much lower mass, since those by definition will contribute little to the present total mass of the system), the "memory" of early formation or growth at low masses is effectively erased. This makes our results robust to details of the model at low masses and/or high redshifts, where empirical constraints are more uncertain.
Dependence on Galaxy Mass
We have shown how the relative importance of different mass ratio mergers depends on mass in Figures 8 & 9. Figure 10 summarizes these results. We plot the median µ gal (specifically the mass-weighted median µ gal , corresponding to the merger mass ratio above which 50% of the mass in bulges was assembled; i.e. where f bulge (> µ gal ) = 0.5 in Figure 9 ) as a function of stellar mass, at z = 0. We also plot the corresponding ±1 σ and 10 − 90% ranges. As demonstrated in Figure 9 , similar results are obtained with an "instantaneous" calculation; in § 6, we show similar results varying a number of choices in the model.
As seen before, major mergers dominate near ∼ 10 10 − 3 × 10 11 M ⊙ , with minor mergers increasingly important at lower and higher masses. (In terms of the initial bulge formation, rather than assembly, the prediction would be the same but without the "turnover" at high masses -i.e. asymptoting to a constant µ gal ∼ 0.5 at high masses.) Most of the variance comes from differences in merger histories at fixed mass. At all masses, the range of contributing mergers is quite large -there is always a non-negligible contribution from minor mergers with mass ratios ∼ 0.1 − 0.3.
We stress that the turnover at high masses does not come because of fewer major mergers. In fact, we have shown explicitly that the number of major mergers in the primary history increases monotonically with galaxy mass. Rather, at high masses, the number of minor mergers increases even faster. Thus the relative importance of minor mergers is enhanced at the highest masses (picture for example the growth of a BCG via accretion of many satellites in a cluster). This is why the turnover would not appear if we made Figure 10 in terms of the mass ratios important for bulge formation, instead of bulge assembly. So we expect these systems to be more bulge dominated as compared to ∼ L * galaxies, but with interesting second-order effects in e.g. their kinematics and light profile shapes that indicate the role of many minor mergers in their recent history. Figure 11 examines how the distribution of contributing µ gal (in terms of bulge assembly) scales with the bulge-tototal stellar mass ratio B/T of galaxies. At fixed mass, galaxies with higher B/T are formed in preferentially more major mergers, and the trend is similar at all masses. This is the natural expectation: a more major merger yields a system with higher B/T . Because µ gal dN merger /d logµ gal is not quite flat in µ gal (rising to larger µ), and ∼ 1 significant mergers are expected since z ∼ 2 (i.e. at times when the galaxy is near is present mass), the local B/T will be dominated by the largest merger the system has experienced in recent times. Many objects all have some amount of bulge built by µ gal ∼ 0.1 mergers -the question is which will have larger mergers that convert more mass to bulge. masses. At all masses, even masses where the global bulge population is predominantly formed in minor mergers, galaxies that are bulge-dominated (the E/S0 population) are predominantly assembled (and formed) in major mergers. In principle ten 1:10 mergers in a short time will form as much bulge as a single 1:1 merger. However, 1:10 mergers are not ten times more common, and as such are not an important or efficient channel for the formation of bulge-dominated galaxies. Recall that the average galaxy still experiences only ∼ 1 minor 1:10 mergers since z ∼ 2 (see Figure 3 & Stewart et al. (2008 & Stewart et al. ( , 2009a ); the case of ten 1:10 mergers is then a ∼ 5 − 10σ outlier. Moreover, even if a system has several such mergers, they will be spaced widely in time (they essentially never occur simultaneously), so the galaxy disk will re-grow, reducing B/T after each and offsetting the bulge growth from mergers. In contrast, ∼ 1/2 of all galaxies undergo a single 1:3 merger since z ∼ 2; these will immediately form a large B/T system. In short, minor mergers are not so much more common than major mergers as to dominate the formation of high B/T systems. This is also important for reproducing the existence of disks (especially "bulge-less" disks) -if minor mergers were so common as to dominate the formation of high B/T systems (if e.g. half of ∼ L * galaxies had formed through the channel of ∼ 10 rapid 1:10 mergers), it would be correspondingly much more rare for a system to have undergone very few 1:10 mergers, necessary to explain the existence of at least some significant number of low-mass systems with B/T < 0.1. Moreover, in practice any system with such an extreme merger history is likely to have also experienced an enhanced major merger rate -so the major mergers will still dominate bulge formation (it is unlikely to contrive an environment with so many ∼ 1 : 10 mergers in a short time and no major mergers).
Dependence on Bulge-to-Disk Ratios
On the other hand, this implies that minor mergers do dominate the formation of bulges in low B/T galaxies (Sb/Sc/Sd galaxies). This is for the same reason -most galaxies have experienced ∼ 1 1:10 merger in recent times (z < 2), whereas only some fraction have undergone more major mergers. The "traditional" scenario for bulge formation -early formation in a major merger, followed by subsequent re-growth of a disk by new cooling -is only responsible for a small fraction of the mass density in disk-dominated B/T 0.2 systems. It is very rare that a system would have such an early major merger but then not have a later ∼ 1 : 10 merger in the Hubble time required to grow the galaxy by a factor ∼ 10 in mass.
These results are independent of all our model variations ( § 6), so long as we ensure that we reproduce a reasonable match to the observed HOD and halo merger rates. In fact, these conclusions appear to be quite general, similar to those found from other models that adopt different models for bulge formation in mergers (see e.g. Khochfar & Silk 2008; Weinzirl et al. 2009 ).
Figures 11 & 12 also show how, at fixed B/T , the contributing mass ratio distribution depends on stellar mass. At fixed B/T , the trend with mass is much weaker than seen comparing all galaxies as a function of mass (Figure 10) . Moreover, the trend at fixed B/T appears to have an opposite sense: lowmass galaxies require higher mass ratio µ gal mergers to reach the same B/T . This is priarily a consequence of the dependence of gas fraction on stellar mass and the effects of gas Figure 9 ; differential version), as a function of bulge-to-total ratio B/T at fixed galaxy mass. Line type denotes the final B/T value (as labeled), and each panel shows galaxies of a different mass. At all masses, more bulgedominated systems are formed by more major mergers. Ellipticals and S0's are dominated by major merger remnants; late-type disk bulges are preferentially formed in situ in minor mergers. Right: Same, as a function of galaxy stellar mass at fixed B/T (lines denote different galaxy masses, panels show results for systems with different final B/T ). At fixed B/T , the residual dependence on mass is weak; low-mass galaxies are more gas-rich, so require more major mergers to reach the same B/T . . We compare the median z = 2 gas fractions of disks of the same mass (diamonds, color corresponds to the mass as labeled). To lowest order, the gas fractions of bulge-forming mergers simply reflect the gas fractions of disks at the time of merger (z = 2 is just representative; the distribution of merger times is broad). The bulge mass density is dominated by mergers with fgas ∼ 0.1 − 0.2, with a tail towards more dissipational mergers in lower-mass systems.
on bulge formation (Figure 7) . A low-mass galaxy, being very gas-rich, might require a major merger to even get to B/T ∼ 0.2 (if, say, f gas ∼ 0.8) -so low-mass systems will require more major mergers. On the other hand, mergers in a massive ∼ 10 12 M ⊙ system, being gas-poor ( f gas 0.05), will yield B/T > 0.2 for any mergers with µ gal > 0.2; the ∼ 10 12 M ⊙ galaxies with low B/T (what few there are) must be those that had only minor mergers in the last few Gyr.
Overall, however, we wish to stress that systems with large B/T at low masses and low B/T at high masses are raremost low mass systems, having low B/T , have had relatively more contribution to their bulge growth from minor mergers, and most higher mass systems, having high B/T , have had increasing contributions from major mergers. Figure 13 compares the contribution to bulge formation from mergers not as a function of mass ratio, but as a function of the gas-richness of the merger, where f gas is here defined as the sum gas-richness just before the merger (= (M gas, 1 + M gas, 2 )/(M gal, 1 + M gal, 2 )). In an integrated sense, the most important gas fractions for bulge formation are f gas ∼ 0.1 − 0.2. 22 . This agrees well with estimates from numerical simulations of the gas fractions required to form realistic ∼ L * ellipticals (in terms of their profile shapes, effective radii and fundamental plane correlations, rotation and higher-order kinematics, isophotal shapes, triaxiality, and other properties; see e.g. Cox et al. 2006a; Jesseit et al. 2007 Jesseit et al. , 2009 Hopkins et al. 2008c Hopkins et al. ,a, 2009c 23 . In a cosmological sense, it simply reflects the gas fractions of ∼ L * disks, the progenitors of ∼ L * ellipticals. We stress that this does not mean the bulges are made purely from this (relatively small) gas mass -rather, this represents the typical mass fraction formed in a central starburst in the bulge-forming merger; the majority of the bulge mass is formed via violent relaxation of the pre-merger disk stars.
Dependence on Galaxy Gas Fractions
As a function of mass, the typical merger contributing to bulge formation is more gas-rich at low masses. But as shown in Figure 13 , this largely reflects the trend of gas fractions in late type or star-forming galaxies as a function of mass. At a given mass, in particular at the lowest masses where gas fractions can be sufficiently high as to significantly suppress bulge formation, there is a weak tendency for the dominant mergers contributing to bulge formation to be less gas-rich (since such mergers will, for the same mass ratio, form more bulge). However, the effect is not large.
An important check of this is that it reproduce the "dissipational" mass fraction in observed ellipticals, as a function of mass. This is the mass fraction of the spheroid formed in a dissipational starburst, rather than violently relaxed from the progenitor stellar disks. Being compact, this component is the primary element that determines the effective radii, profile shape, and ellipticity of a merger remnant. Hopkins et al. (2009a Hopkins et al. ( ,e, 2008a develop and test an empirical method to estimate the dissipational mass fraction in observed local ellipticals, and apply this to a wide range of observed ellipticals with a combination of HST and ground-based data from Kormendy et al. (2009) and Lauer et al. (2007) . As shown therein, resolved stellar population studies yield supporting conclusions. Figure 14 shows these empirically inferred dissipational fractions as a function of mass, and compares the predictions from the models here. The agreement is reasonable. Similar conclusions are reached even by models with significantly different bulge formation prescriptions (Khochfar & Silk 2006) . Note that the observed systems here are all classical bulges, appropriate for comparison to our predictions.
We also compare observed disk gas fractions. To lowest order, the dissipational fractions simply trace these gas fractions, but at low masses, the predicted and observed dissipational fractions asymptote to a maximum ∼ 0.3 − 0.4. This is because angular momentum loss in the gas becomes less efficient at these high gas fractions; if the fraction of gas losing angular momentum scales as adopted here, then the dissipational fraction of the bulge formed from disks with gas frac- 22 Recall, this is the gas fraction at the time of the merger, and can be different from the "initial" gas fraction at the beginning of an interaction, depending on e.g. the efficiency of star formation and stellar feedback. For example, in hydrodynamic simulations of idealized mergers without ongoing continuous accretion, a gas fraction at the time of merger of ∼ 0.1 − 0.2 corresponds to an "initial" gas fraction ∼ 2 Gyr before merger of ∼ 0.3 − 0.4. 23 In fact, only mergers with these properties have been shown to yield a good match to these quantities: mergers with significantly less or more gas, as well as secular instabilities and dissipational collapse have been shown to yield remnants with properties unlike observed ellipticals. FIG. 14.-Top: Dissipational fraction (mass fraction of bulges formed in starbursts from gas that has lost its angular momentum in mergers, relative to the total -starburst plus violently relaxed former stellar disk -bulge mass) as a function of stellar mass (solid line is the predicted median; dotted the ±1 σ scatter). We compare to empirically inferred f dissipational from decomposition of high-resolution surface brightness profiles and kinematics of observed ellipticals, presented in Hopkins et al. (2009a,e) with samples from Kormendy et al. (2009) and Lauer et al. (2007) . Bottom: Predicted dissipational fraction from above (solid line), and median gas fraction fgas of mergers contributing to bulge growth (from Figure 13 ; dashed line), compared to observed disk gas fractions (from Figure 7 ; points in the same style, with values at z = 0 and z = 2 in blue and red, respectively). Dissipational fractions reflect the gas fractions of progenitor disks, but with an asymptotic upper limit of f dissipational ∼ 0.4 that reflects the suppression of angular momentum loss in very gas-rich mergers. tion f gas is not ∼ f gas , but ∼ f gas /(1 + f gas ), i.e. asymptoting to the values observed for all f gas ∼ 0.5 − 0.9.
Redshift Evolution: Can Mergers Account for the Mass
Density in Bulges? At all redshifts, the distribution of µ gal contributing to bulges is similar to that at z = 0, shown in Figure 15 . The only significant evolution is that the "turnover" in µ gal at high masses for the mass ratios contributing to bulge assembly ( Figure 10 ) becomes less pronounced and moves to higher masses. Technically, this relates to how M gal (M halo ) (empirically constrained) evolves, but physically it is simply understood: at higher redshifts, "dry" assembly is less important, so the assembly µ gal increasingly resembles the formation µ gal (Figure 8 ). By z ∼ 2, there is no difference -dry assembly is negligible, and all high-mass, high-B/T systems are preferentially formed in major mergers. Grazian et al. (2007, magenta stars) . We compare the total stellar density observed (green dot-dashed line; Hopkins & Beacom 2006) . Increasing gas fractions and cooling rates at high redshift suppress the bulge mass density relative to the total stellar mass density. The predicted number of mergers is sufficient to account for the z = 0 and high-redshift evolution in the global bulge mass budget, but with factor ∼ 2 uncertainties.
Given these predicted merger rates and B/T distributions, we also obtain a prediction for the mass density in bulgedominated galaxies as a function of redshift. Figure 16 compares the redshift evolution of the bulge mass density to that observed. 24 The agreement is good: not only are there a 24 Specifically, we plot the mass density in bulge-dominated galaxies, which is not the same as the absolute mass density in all bulges, but is closer to the observed quantity. At high redshifts z > 1.5 observed morphologies are ambiguous; we show the mass density in passively evolving red galaxies as a proxy. This may not be appropriate, but at z < 1 the two correspond well, and the compactness, size, and kinematics of the "passive" objects do appear distinct from star-forming objects (Kriek et al. 2006; Toft et al. 2007; Trujillo et al. 2007; Franx et al. 2008; Genzel et al. 2008) . Also, the observations in some cases do not distinguish "classical" and "pseudo" bulges; but as we discuss in § 7, the latter where measured appear to contribute only ∼ 10% sufficient number of major mergers to account for the observed merger fractions, but also to account for the observed buildup of the bulge population with redshift. This should not be surprising, given the agreement with observed merger fractions demonstrated in § 4.2 above; Hopkins et al. (2007a Hopkins et al. ( , 2008b , Bundy et al. (2009), and Bell et al. (2006a) have demonstrated that observed major merger fractions are sufficient, within a factor ∼ 2, to account for the observed growth of the bulge population over the same redshift interval (given the observable lifetime calibrations that we adopt in § 4.2; note that some of these works use different merger timescale estimates and reach different conclusions, but they are consistent using a uniform, simulation-calibrated timescale). Similar results as a function of galaxy morphology are suggested by local observations (e.g. Darg et al. 2009a) . Likewise the agreement between the predicted integrated number of mergers and various observational estimates suggests this is plausible (de Ravel et al. 2009; Conselice et al. 2009; Lin et al. 2008) .
For a more detailed comparison, as a function of e.g. galaxy stellar mass, we refer to Hopkins et al. (2009g) , who use the same merger rates as modeled here to predict e.g. the morphology (B/T )-mass relation and bulge/disk mass functions as a function of redshift. Provided proper account of galaxy gas fractions is taken, good agreement is obtained. Stewart et al. (2009b) perform a similar calculation (with a basic criteria for bulge formation), with merger rates in close agreement as a function of galaxy mass to those measured observationally in Bundy et al. (2009) , and obtain similar good agreement with the bulge mass function as a function of redshift. They actually find that bulge mass is somewhat overproduced, without accounting for the role of gas-rich mergers. Hopkins et al. (2008d) and Hopkins et al. (2008b) consider a range of model parameter space (with several of the specific model variations discussed in § 6) and perform similar calculations; they explicitly show the predicted spheroid mass function and mass fraction as a function of stellar mass, halo mass, environment, and redshift, for the different models considered. They likewise conclude that, for all the model variations considered (with scatter in merger rates as a function of mass similar to that discussed below), good agreement with the mass function and mass density of classical bulges, at masses > 10 10 M ⊙ , is obtained. At lower masses, however, uncertainties grow rapidly.
Relative to the total stellar mass density, the mass density in bulge-dominated galaxies decreases with redshift. This is discussed in detail in Hopkins et al. (2009g) , but the reason is simply that at higher redshifts, higher gas fractions suppress bulges (and the suppression moves to higher mass, relative to the galaxy mass function break. This trend agrees with that observed and is not trivial (models neglecting the importance of gas-richness in affecting bulge formation efficiency in mergers, for example, may predict the opposite).
Analytic Fits
It is convenient to fit the distribution of merger mass ratios contributing to bulge formation at a given mass. The average µ gal contributing to bulge assembly, i.e. µ gal where f bulge (> µ gal ) = 0.5, as a function of z = 0 galaxy stellar mass M * (Figure 10 ) can be approximated as
of the mass density.
If instead the µ gal contribution to bulge formation is desired, a similar formula applies, but with a weaker turnover at high M * , i.e.
In greater detail, Figures 11-12 demonstrate that the typical µ gal contributing to bulge assembly depends on the bulge mass fraction B/T at a given mass. As a bivariate function of B/T and mass, µ gal can be approximated by:
Finally, knowing µ gal , we find that the complete distribution f bulge (> µ gal ) (e.g. Figure 8 ) can be simply approximated by
where (since f bulge (> µ gal ) = 0.5), the slope γ is trivially related to µ gal as:
6. HOW ROBUST ARE THESE CONCLUSIONS? A COMPARISON OF
MODELS
The relative importance of e.g. minor and major mergers in bulge assembly owes to the combination of reasonably welldetermined halo merger rates and halo occupation statistics. Nevertheless, there are still uncertainties in this approach. We therefore examine how robust the conclusions here are to a variety of possible model differences. A much more detailed investigation of e.g. differences in predicted merger rates between semi-empirical models, semi-analytic models, and simulations will be the subject of a companion paper (Hopkins et al. 2009f ). Here, we wish to examine differences arising within the semi-empirical framework.
Figures 17-18 compare our "default" model with a number of alternatives. For each alternative, we show the the merger rate as a function of redshift, and the integrated contribution of different mass ratios f bulge (> µ gal ) to bulge assembly (integrated over all bulge masses). For the merger rates, we also compare with the observational constraints: the dotted region in the Figure shows the approximate ±1 σ allowed range from the observational compilation in Figures 4-5 (fitting a piecewise broken power-law to the observations), given the merger lifetime calibrations discussed in § 4.2.
The model variations we consider include:
6.1. Halo Occupation Models Here, we consider an otherwise identical model, but adopt a different set of halo occupation constraints to determine M * (M halo ) (for now, we keep M gas (M * ) fixed, but varying that is very similar to varying M * (M halo )). First, our default model, using the fits from . Second, the first to M * (M halo ) and its scatter for central and satellite galaxies from the observed SDSS clustering at z = 0 (Wang et al. 2006) ; here, we simply adopt the z = 0 fit at all redshifts -we do not allow for evolution. Third, assigning galaxies to halos and subhalos based on a monotonic rank-ordering method (see Conroy et al. 2006) , fitting to the redshift-dependent stellar mass function from Fontana et al. (2006) . Fourth, the same, with the mass functions from Pérez-González et al. (2008b) .
We have also considered various fits directly taken from other sources, including Yan et al. (2003) ; Cooray (2005 Cooray ( , 2006 ; Conroy et al. (2006 Conroy et al. ( , 2007 ; Zheng et al. (2007) and Pérez-González et al. (2008a) ; these lie within the range shown in Figure 17 . Using the HOD predicted by semianalytic models, at least for central galaxies, also appears to give similar results (we have compared the results in Croton et al. 2006; Bower et al. 2006; de Lucia & Blaizot 2007) ; given that these models are constrained to match the observed stellar mass function, this appears to be sufficient for the level of convergence shown.
Merger Timescales
In our "default" model, we assume a delay between halohalo and galaxy-galaxy mergers, given by the dynamical friction time calibrated to simulations in Boylan-Kolchin et al. (2008) . We now allow this to vary according to five different scalings, described in detail in Hopkins et al. (2008d) . Binney & Tremaine (1987) . (d) Gravitational Cross-Sections: similar to the group capture timescale, this is the timescale for gravitational capture between passages in e.g. loose group or field environments, calibrated from simulations in Krivitsky & Kontorovich (1997) . (e) No Delay: simply assuming galaxy-galaxy mergers occur when their parent halohalo mergers do.
Although the dynamical friction time is most commonly adopted in e.g. semi-analytic models, each of these timescales depends on certain assumptions and is relevant in different regimes. A dynamical friction time is appropriate for a small, dense satellite at large radii; it becomes less so at small radii. A group capture or gravitational capture cross section, on the other hand, is appropriate for collisions in small groups or field environments where "inspiral" is not well-defined. The angular momentum calibration from Binney & Tremaine (1987) is more appropriate for satellite-satellite mergers. In any case, we see the choice makes little difference to our conclusions. And the range between these choices is generally much larger than other, more subtle details (e.g. allowing for continuous satellite mass loss in inspiral, or resonant baryonic effects that speed up the coalescence). The reason is simply that we are largely focused on fairly major mergers, for which the merger time is short relative to the Hubble time. The ratelimiting step is the accretion of such a companion, not the inspiral time.
6.3. SubHalo Mass Functions/Substructure-Based Methodologies Instead of using a halo-halo merger rate with some "delay" applied, we can attempt to follow subhalos directly after the halo-halo merger, and define the galaxy-galaxy merger when the subhalos are fully merged/destroyed. This will selfconsistently allow for some distribution of merger times owing to e.g. a range of orbital parameters, and will include satellite-satellite mergers (neglected in our default model), Figure 4 ; for clarity, we show the range of these points rather than each individual measurement). Bottom: Corresponding cumulative contribution of different mass ratio mergers to the assembly of the bulge mass density (as Figure 8 , integrated over all bulge masses). Left: Changing the halo occupation constraints: the three cases from Figure 3 are shown, together with adopting the z = 0 SDSS fits from Wang et al. (2006) at all redshifts. Center: Changing the merger timescale between halo-halo and galaxy-galaxy merger: using dynamical friction times (calibrated in Boylan-Kolchin et al. 2008) ; angular momentum-space capture cross sections from Binney & Tremaine (1987) ; collisional group capture cross sections from Mamon (2006) ; gravitational capture cross-sections for field/small group crossings from Krivitsky & Kontorovich (1997) ; or no delay. Right: Tracking subhalos to assign merger times or using subhalo mass functions instead of halo merger trees as a starting point: using the subhalo merger trees from cosmological simulations in Stewart et al. (2009a) ; adopting the subhalo mass functions from simulations in Kravtsov et al. (2004) ; or the same from extended Press-Schechter trees constructed following van den which Wetzel et al. (2009a) show can be important at the ∼ 10 − 20% level independent of halo mass.
Here, we compare our default model to those obtained tracking the halo+subhalo populations in cosmological simulations from Stewart et al. (2009a) (populating subhalos according to our default HOD). Wetzel et al. (2009a,b) also analyze subhalo merger rates, with a different methodology. They reach similar conclusions, but with a systematic factor ∼ 1.5 − 2 lower merger rate. As they discuss, this is quite sensitive to how one defines e.g. subhalo versus friends-offriends group masses; some of those choices of definition will be "normalized out" by the appropriate HOD (renormalized for whatever subhalo populations are identified in a simulation so as to reproduce the observed clustering and mass functions), but it also reflects inherent physical uncertainties in the instantaneous mass and time of subhalo merger.
We also compare with the results using the different subhalo-based methodology described in Hopkins et al. (2008d) (essentially, beginning from the subhalo mass function constructed from cosmological simulations and evolving this forward in short time intervals after populating it, at each time, according to the HOD constraints). We compare two different constructions of the subhalo mass functions: that from cosmological dark-matter only simulations in Kravtsov et al. (2004) (see also Zentner et al. 2005) and that from the extended Press-Schechter formalism coupled to basic prescriptions for subhalo dynamical evolution, described in van den . Alternative subhalo mass functions from e.g. De Lucia et al. (2004); Gao et al. (2004); Nurmi et al. (2006) are consistent.
Halo Merger Rates
We can next vary the halo-halo merger rates adopted. Our default model uses the merger rates in Fakhouri & Ma (2008b) , calibrated from the Millenium dark-matter only cosmological simulation (Springel et al. 2005c . Since we use the full history, this is equivalent to the "per progenitor" merger rates defined from the same simulation in Genel et al. (2008) . An alternative dark-matter simulation, of comparable resolution, with halo merger rates determined using a different methodology, is described in Stewart et al. (2009a) . Another is found in Gottlöber et al. (2001) (see also Kravtsov et al. 2004; Zentner et al. 2005) ; they quantify the fit separately to field, group, and cluster environments.
We can also compare with the merger rates from Maller et al. (2006) , determined from cosmological hydrodynamic simulations. Although it is well known that, without proper implementations of feedback from various sources, cosmological hydrodynamic simulations yield galaxies that suffer from overcooling (and do not reproduce the observed Fakhouri & Ma (2008b) ; numerical trees from an alternative high-resolution cosmological simulation (Stewart et al. 2008 (Stewart et al. , 2009a ; cosmological DM only simulations of field, group, and cluster environments (as labeled; Gottlöber et al. 2001 ); or merger rates from cosmological SPH simulations (tracking galaxy-galaxy mergers but still re-populating them appropriately for the observed HOD; Maller et al. 2006, upper and lower correspond to their high and medium-mass primary sample, respectively). Center: Changing the cosmology: our default WMAP5 (Ωm, σ 8 )=(0.27, 0.81) cosmology, versus a WMAP1 (0.27, 0.84), WMAP3 (0.27, 0.77), and "concordance" (0.3, 0.9) cosmology. halo occupation statistics), the galaxies in these simulations can still serve as "tracers" of halos and subhalos. This provides a means to avoid the considerable ambiguities in defining a halo merger (moreover in considering the delay between halo-halo and galaxy-galaxy mergers). Although the galaxy masses may not be correct, they are still tracers of where in the halo real galaxies should be, and therefore can be used to measure the halo merger rate. We do so by recalculating their merger rates after re-populating the galaxies appropriately (essentially renormalizing their predicted mass function to match that observed).
Cosmological Parameters
We can also vary the cosmological parameters and see if this makes a significant difference to our conclusions.
We consider four sets of cosmological parameters:
a "concordance" model with 0.3, 0.7, 0.7, 0.9, 1.0), the WMAP1 (0.27, 0.73, 0.71, 0.84, 0.96 ) results of Spergel et al. (2003) , WMAP3 (0.268, 0.732, 0.704, 0.776, 0.947) (Spergel et al. 2007), and WMAP5 (0.274, 0.726, 0.705, 0.812, 0.96) (Komatsu et al. 2009 ). It is prohibitively expensive to re-run the simulations for each case, and moreover the qualitative behavior is not expected to change (seen in e.g. lowerresolution dark-matter simulations). We simply renormalize the halo masses at all times to match the halo mass function and accretion history appropriate for the revised cosmological parameters (see e.g. Neistein et al. 2006 ) -the dominant effect is the predicted halo mass function shifting to higher masses with larger σ 8 . However, because we use a halo occupation-based approach, the model is re-normalized to yield the same observed galaxy mass function and clustering, so these differences are largely normalized out. Elahi et al. (2008) show that the quantity of greatest importance for our conclusions, the normalized substructure mass function or (equivalently) dimensionless merger rate (mergers per halo per Hubble time per unit mass ratio) is almost completely independent of cosmological parameters including e.g. the power spectrum shape and amplitude over the range of variations here (not until one goes to much larger effective n s ∼ 3 does one see this function change shape).
Bulge Formation Prescriptions
We can also consider variations in the physical prescription by which bulge mass is formed in mergers. Obviously this will not change the merger rates, but it could change the relative importance of mergers of different mass ratios. However, we are tightly constrained by the results of N-body simulations; since the physics determining gas angular momentum loss and violent relaxation are predominantly gravitational, there is little uncertainty in how much bulge should be formed in a given merger (given the appropriately normalized initial conditions of interest). Still, there are some differences in fitted prescriptions: we have re-calculated the results from our default model according to the approximate results of simulations from Naab & Burkert (2003) and Naab et al. (2007) , as well as Bournaud et al. (2005) and di Matteo et al. (2007) . We have also used the fits to the same suite of simulations in Hopkins et al. (2009b) as presented in Cox et al. (2006b) and Cox et al. (2008) . Note that the results in several of these works do not necessarily include a complete survey of parameters such as e.g. mass ratio, orbital parameters, and gas fraction; where not given we interpolate between the results presented based on the model outlined in Hopkins et al. (2009b) . In any case, the differences in quantities such as the absolute bulge mass (especially in gas-rich, low mass systems) and dissipational fractions (fraction of mass formed in starbursts, rather than violently relaxed from stellar disks) of ellipticals can be non-negligible, but the relative contribution of major and minor mergers is almost identical.
This will be true, it turns out, in any model where the amount of bulge formed in a given merger scales roughly in linear fashion with the mass ratio. As such, even highly simplified models which ignore the role of gas fraction and orbital parameters, and/or only violently relax the primary in major mergers (but do destroy the secondary in minor mergers), will still obtain the same qualitative features in f bulge (> µ gal ); see e.g. Khochfar & Silk (2006) . 6.7 . Combinations of the Above: Typical "Scatter" We have considered various permutations of the above models, amounting to ∼ 700 total models; our conclusions are robust to these combinations. The interquartile range between this sampling of models lies within the observationally allowed range in terms of the merger rate, and yields very little scatter in f bulge (> µ gal ).
To the extent that comparison of these models can be considered "scatter" or reflective of uncertainties in the theoretical predictions, the corresponding typical "uncertainties" are as follows: around ∼ L * and at slightly higher masses, uncertainties are small -a factor of ∼ 1.5 in merger rates (at z < 2; uncertainties grow at higher redshifts as in Figure 3 ) and smaller in f bulge (> µ gal ), with f bulge (µ gal > 1/3) ∼ 60 − 80%. At factors less than a few higher and lower masses, these uncertainties increase to a factor ∼ 2 in merger rate, and factor ∼ 1.5 in the importance of major versus minor mergers. At much lower masses (∼ 10 9 M ⊙ ), uncertainties in both grow rapidly -here, the halo occupation statistics are not strongly constrained. Moreover, µ gal is the baryonic (not just stellar) mass ratio, and systems at these masses are increasingly gasdominated, so uncertainties in M gas (M * ) can strongly affect our predictions.
7. DISCUSSION 7.1. Approach We have used an extensive set of models to examine galaxygalaxy mergers and to identify robust predictions for the relative importance of mergers of different mass ratios for bulge formation. Although halo-halo merger rates have been relatively well-understood, mapping halo-halo mergers to galaxygalaxy mergers is not trivial. There can be significantly more or fewer major or minor galaxy-galaxy mergers, relative to halo-halo mergers; likewise, bulge growth can be dominated by preferentially more major or minor mergers than the growth of the host halo.
However, there is hope. Numerical simulations are converging in predicting how the efficiency of bulge formation scales with merger mass ratio (and what the "appropriate" mass ratio to use in these calculations should be), giving a straightforward set of predictions for how much bulge should be formed in a given galaxy-galaxy encounter. To lowest order, the amount of bulge formed scales linearly in the merger mass ratio, close to the maximal efficiency possible for minor mergers (Hopkins et al. 2009b) .
Meanwhile, observations are converging on relatively tight constraints on halo occupation models: namely, the stellar and gas mass of the average galaxy hosted by a halo/subhalo of a given mass. The correlation between galaxy stellar mass and halo mass is monotonic and, to lowest order, amounts to a simple matched rank-ordering of the two, with small scatter (e.g. Conroy et al. 2006 ).
Conclusions
This convergence makes the time ripe to examine the consequences of galaxy-galaxy mergers on bulge formation. To good approximation, the salient features of the merger rate distribution can be captured by convolving the theoretically determined halo-halo merger rate with the empirically determined halo occupation statistics. Given this simple, well-constrained approach, there are some robust predictions that are insensitive to most if not all model details:
(1) Major-merger (µ gal > 1/3) remnants dominate the integrated mass density of merger/interaction-induced bulges at all redshifts (Figures 8-11 ). Minor mergers (1/10 < µ gal < 1/3) do contribute a significant, albeit not dominant, fraction (∼ 30%) to the assembly of the total mass density. More minor mergers µ gal < 1/10 are not important (contributing < 5 − 10%).
(2) This statement is significantly mass-dependent (Figures 9-10 ). Although the relative major/minor contribution to halos is nearly mass-independent, the mass-dependent HOD shape leads to a galaxy mass dependence: major mergers strongly dominate bulge production around ∼ L * (where most of the bulge and stellar mass density of the Universe lies). At masses ≪ L * , merger rates at all mass ratios are suppressed, and minor mergers are relatively more important (since M gal ∝ M 2 halo at these masses, approximately, a 1:3 halo-halo merger becomes a 1:9 galaxy-galaxy merger; so all mergers are shifted to lower mass ratio, suppressing the number at some fixed µ gal and relatively suppressing major mergers). At higher masses L * , merger rates are higher, and major mergers are relatively more important (here M gal ∝ M 1/2 halo , so a 1:9 halo-halo merger becomes a 1:3 galaxy-galaxy merger; making mergers at all significant mass ratios more abundant and relatively increasing the importance of major mergers). This is true until a few L * , where minor mergers again become relatively more important owing to the rapid dropoff in the number of "major" companions (equivalently, since most of the galaxy mass is concentrated near ∼ L * , most of the incoming mass density is weighted near this region as well, which is a major merger at a few L * and minor merger above). These trends are quite general, and the relative "increased weight" of major mergers will occur wherever the "mass-to-light ratio" or formation efficiency M halo /M gal has a minimum (∼ L * ).
(3) For massive galaxies, there is a difference between the mass ratios important for bulge formation (the mergers which initially converted some disk mass into bulge mass) and those important for bulge assembly (the mergers that brought together the present-day bulge from any combination of pre-existing bulges and/or disks). At low masses, the two are equivalent (they are only different where "dry mergers" are significant). At high masses, the description above applies to assembly. Most mergers onto ≫ L * systems are of already bulge-dominated galaxies (i.e. dry), systems which first turned their disk mass into bulge ("formed" the bulges) at progenitor masses near ∼ L * , where major mergers are most efficient. As a consequence, most bulge mass at all > L * masses is formed in major mergers (albeit again with non-negligible contributions from minor mergers); however, bulges are assembled in increasingly minor (dry) mergers at larger masses.
(4) The relative importance of major and minor mergers is also significantly morphology-dependent (Figures 11-12 ). Bulge-dominated (E/S0 or B/T 0.4) galaxies are preferentially formed in major mergers; later-type (Sb/c/d or B/T 0.2) galaxies are preferentially formed in minor mergers. Despite the fact that simulations show that e.g. ten 1:10 mergers can yield just as much bulge mass as one 1:1 merger, cosmological models show that they are not ten times more common. Moreover, this many minor mergers would have to happen in a time much less than a Hubble time in order to successfully build a bulge-dominated galaxy, and this scenario is very unlikely (even at high redshift; minor merger rates may increase, but so do major merger rates). However, since just one or two 1:10 mergers are sufficient to account for a B/T < 0.2 bulge, this is a common formation channel for small bulges, in particular more common than a major merger at high redshifts that destroys the entire disk followed by a factor of ∼ 10 subsequent disk re-growth (even if this occurred, it would take ∼ a Hubble time, in which time a 1:10 merger would be very likely, and that merger would then dominate the final bulge mass). To lowest order, bulges of systems of bulge-to-total ratio B/T are characteristically formed in mergers of mass ratio µ gal ∼ B/T (Equation 13).
(5) Gas-richness, with high gas fractions f gas 0.5, can dramatically suppress the global efficiency of bulge formation (from mergers at all mass ratios), and the important implications of this for establishing the morphology-mass relation and allowing for a significant population of low B/T systems is discussed in Hopkins et al. (2009g) and Stewart et al. (2009b) . However, it does not affect the merger rate, and because the effects are not mass ratio-dependent, it does not significantly affect the relative importance of major/minor mergers. Because low-mass galaxies are typically more gas-rich, they require somewhat more violent merger histories to reach the same B/T as a comparable high-mass galaxy (Figures 11-12 ). To lowest order the gas fractions of progenitor galaxies that contribute to the observed bulge population, and the fraction of bulge mass formed dissipationally (by gas losing angular momentum in mergers and forming stars in concentrated nuclear starbursts) simply reflect the cosmological average gas fractions of progenitor disks corresponding to the same stellar mass and assembly times (Figures 13-14) . We have included the effects of gas on merger dynamics because it is known to be very important; however, given the above, our key prediction in this paper specifically would be not be dramatically changed if we ignored these effects throughout.
(6) The predicted major merger rate (mergers per galaxy per Gyr) agrees well with observed merger fractions from z ∼ 0 − 2 (Figures 3-5 ) when one accounts for the observable merger timescale determined by applying the same observational methods directly to high-resolution galaxygalaxy merger simulations (see e.g. Lotz et al. 2008a) . The corresponding rate is ∼ 0.5 major galaxy-galaxy mergers per central galaxy per unit redshift (in these units, nearly redshift-independent), around ∼ L * , and is mass-dependent as per conclusion (2): half to two-thirds of the ∼ L * population has had a major merger since z ∼ 2, but the fraction is a factor ∼ 3 − 5 lower at an order-of-magnitude lower stellar mass, and becomes one (with many galaxies having a couple such mergers) at a factor of a few higher stellar mass (Figures 2 &  6) . The merger rate as a function of galaxy-galaxy baryonic mass ratio µ gal , redshift z, and primary stellar mass M * can be reasonably well fit by the simple functions in Equations 5-10.
(7)
Integrating over all mergers, the predicted merger rates yield good agreement with the growth of the mass density in bulge-dominated galaxies, from redshifts z = 0 − 1.5 and (to the extent that color and morphology are correlated) the passive/red sequence population from redshifts z = 0 − 4 ( Figure 16 ). The typical uncertainties in both theory and observations are at the factor ∼ 2 level; this is an interesting range discussed below.
Robustness
We have examined how these conclusions depend on a variety of choices, including the empirical HOD constraints, the global cosmology, halo merger rates, substructure tracking, and merger timescales, and find that they are robust ( § 6; .
Varying the halo occupation model within the range allowed by observations including weak lensing, clustering, group dynamics, and abundance matching methods all yield similar conclusions. A very different halo occupation model, for example simply assuming M gal ∝ M halo , would yield very different conclusions, but observational constraints are sufficiently tight that within the range allowed, resulting variations are small. Varying the cosmological parameters primarily affects the absolute abundance of halos of a given mass, not e.g. the shape of the merger rate function, and since the observed galaxy mass function is fixed, this difference is simply folded into the halo occupation model and does not change our conclusions.
Halo-halo merger rates, likewise, are sufficiently converged between different simulations such that they yield no large differences. However, a halo-halo merger is not a galaxygalaxy merger. Typically, one attempts to better approximate the latter by adopting either some merger timescale, representing a delay corresponding to subhalo orbital decay before the galaxy-galaxy merger, or by following subhalos directly in high-resolution cosmological simulations. One can also use galaxy-galaxy mergers identified in cosmological hydrodynamic simulations, after re-normalizing their masses to agree with empirical constraints. Considering variations in each of these choices, we find that they have little effect on the shape of the merger rate function, hence little effect on the relative importance of major/minor mergers. Further, some apparent differences in the resulting merger rate owe purely to definitions, and are implicitly normalized out in the HOD. Nevertheless, these different approaches do yield important system-atic differences in the absolute merger rate, at the factor ∼ 2 level.
Independent models adopting the halo occupation methodology described here also obtain results in good agreement (see e.g. Zheng et al. 2007; Brown et al. 2008; Pérez-González et al. 2008a; Stewart et al. 2009a ). However, models that attempt to predict galaxy formation and merger rates in an a priori manner, such as e.g. cosmological hydrodynamic simulations and semi-analytic models, have reached various mixed conclusions -some in agreement with those here, some not, with significantly larger variation in the predicted galaxy-galaxy merger rates than the factor ∼ 2 above (compare e.g. Weinzirl et al. 2009; Parry et al. 2009; Maller et al. 2006; Naab et al. 2007; Governato et al. 2007; Guo & White 2008; Somerville et al. 2008) . The origins and implications of these differences is examined in detail in a companion paper (Hopkins et al. 2009f) .
However, the important point for our conclusions is that these methods are fundamentally different; they are not strictly tied to observed halo occupation constraints as are the models here. As such, they can yield very different predictions. For example, it is well-known that cosmological simulations without feedback yield efficient star formation at all masses, such that the predicted halo occupation has a form more like M gal ∝ M halo , and so galaxy-galaxy mergers will, in such a model (without re-normalizing masses) trivially reflect halo-halo mergers. Some semi-analytic models, meanwhile, have well-known discrepancies between predicted and observed populations of satellite galaxies, which propagate to the predicted merger rates. It is increasingly clear that these semi-analytic models have considerable difficulty reproducing the observations of the merger history (generally with the sense that the semi-analytic merger rates/fractions are lower than those observed; see e.g. Jogee et al. 2008; Bertone & Conselice 2009; López-Sanjuan et al. 2009a ). In Hopkins et al. (2009f) , we show that this indeed primarily owes to well-known mis-matches between the predicted satellite galaxy properties and galaxy mass functions in these models, and those observed. As such, the semi-empirical approach can perform much better in explaining the observations (of course, the model here cannot predict satellite properties as can a semi-analytic model, but that is not its purpose). By adopting the halo occupation constraints directly from observations, the semi-empirical model simply bypasses a major, well-known theoretical uncertainty in attempts to predict merger rates directly from semi-analytic models or cosmological simulations. This does not mean the answer is "built in" implicitly somehow in our models here -what it does mean, however, is that the apparent discrepancy between observations and other predictions of the merger rate owes not to some fundamental problem of ΛCDM, but rather to wellknown difficulties in properly modeling the accretion and starformation histories of galaxies.
Carefully accounting for these distinctions, the different results in various models can be understood. And in fact, despite differences in some quantitative predictions, many of the qualitative conclusions are the same; Parry et al. (2009) and Weinzirl et al. (2009) demonstrate that different SAMs reach similar conclusions regarding how merger rates and the relative importance of major versus minor mergers scale as a function of e.g. galaxy stellar mass and redshift.
Outlook and Future Work
Convergence in predicted merger rates among different theoretical approaches, at the factor ∼ 2 level or better, is a remarkable achievement. Unfortunately, obtaining greater convergence in theoretical predictions will be difficult. Applying constraints from empirical halo occupation approaches to e.g. cosmological simulations and semi-analytic models is important. Tighter observational constraints on the halo occupation distribution, in particular at low masses and at high redshifts, will allow semi-empirical models such as those in this paper to greatly extend the dynamic range of predictions (as well as putting strong constraints on a priori models for galaxy formation at these masses and redshifts).
However, we have shown that these differences only account for a fraction of the scatter in theoretical predictions -subtle details of how e.g. halos are defined and followed become important at this level. Moreover resolution limits and the absence of baryons in simulations (which does, at the level of uncertainty here, have potentially important effects on the longevity and merger timescales of subhalos; see e.g. Weinberg et al. 2008 ) limit all theoretical models. Ideally, high-resolution cosmological hydrodynamic simulations could form the basis for halo occupation models: avoiding ambiguity in identifying a galaxy-galaxy versus halo-halo merger by simply tracking the galaxies (even if their absolute masses are incorrect, and they need to be "repopulated" in post-processing). Although some steps have been made in this direction, it remains prohibitively expensive to simulate large volumes at the desired high resolution with gas physics.
It is also unclear whether a merger rate alone is meaningful at an accuracy much better than a factor ∼ 2. At this level, the question of e.g. the "proper" mass ratio becomes important (see e.g. Stewart 2009 ). What matters, in detail, for galaxy dynamics and the effect of a given merger is a combination of several quantities in the merger "mass ratio" -including stars, gas, and the tightly bound portion of the halo that has been robust to stripping; as such, the halo structure and history, as well as effects such as adiabatic contraction, become important. Moreover, at this level, the orbital parameters, galaxy gas fractions, and progenitor structure (relative bulge-to-disk ratios and disk scale lengths) become non-trivial corrections to the estimate of the effects "per merger." Without models for all of these details, a merger rate constrained to arbitrarily high accuracy does not necessarily translate to a bulge formation model with accuracy better than a similar factor ∼ 2.
In the meantime, however, there is considerable room for improvement in the comparison of model predictions and observations of the merger rate. The formal statistical errors in observed merger and close pair fractions are rapidly decreasing; even including cosmic variance, such observations at z ∼ 0 − 1.2 are converging to better than a factor of ∼ 2. However, as shown in Figure 4 , simply putting all such observations on equal footing yields order-of-magnitude scatter; similar uncertainties plague the conversion of these quantities to merger rates (and it is further unclear what the sensitivity is to different mass ratio mergers). This is an area where considerable improvements can and should be made: most of the differences in observational estimates are attributable to different methodologies, observational depth, and selection effects. The conversion of some specific pair or morphologically identified sample to a merger rate should be calibrated to suites of high-resolution N-body simulations, specifically with mock observations matched to the exact selection and methodology adopted.
Moreover, the merger rate is predicted to be a non-trivial function of galaxy mass: many samples identifying merger fractions have ambiguous luminosity selection; what is ultimately necessary are samples with well-defined stellar or baryonic mass selection. At the level of present data quality and theoretical convergence, order-of-magnitude estimates of merger lifetimes and lack of such calibration represent the dominant uncertainty in comparisons. Improvements are being made in this area: Lotz et al. (2008a) have calibrated the merger timescale for major pair samples of different separations and certain specific automated morphological selection criteria to mock observations of high-resolution hydrodynamic merger simulations. Conselice et al. (2009) adopt these and similar detailed calibrations to attempt to address consistency between merger populations identified with different methodologies. Jogee et al. (2008 Jogee et al. ( , 2009 ) attempt to calibrate their morphological selection criteria as a function of merger mass ratio. Various works have attempted to quantify merger rates as a function of stellar mass, rather than in a pure magnitude-limited sample (see e.g. Bell et al. 2006a; Conselice et al. 2008; Bundy et al. 2009; López-Sanjuan et al. 2009b; Darg et al. 2009b) .
Together, these approaches will allow rigorous comparison of predicted and observed galaxy-galaxy merger rates as a function of galaxy stellar mass, redshift, and (ideally) mass ratio. Obviously, extension of observational constraints in any of this parameter space represents a valuable constraint on the models here. Using the calibrations above, we attempt such a comparison specific to different observational methods (at least in terms of pair versus morphological fractions), and find good agreement between predicted and observed merger rates, and the integrated buildup of the bulge population. Considering the most well-constrained observations and well-calibrated conversions, we find agreement within a similar factor ∼ 2 as that characteristic of the theoretical uncertainties.
Far from implying that the problem is "solved," such a factor of ∼ 2 is of great interest. There is a large parameter space where predicted merger rates are consistent with observed merger/pair fractions as a function of mass and redshift and can be tuned to precisely account for the entire bulge mass budget of the Universe. However, allowing for the factor ∼ 2 uncertainty in one direction would lead to "too many" mergers, implying that mergers must be less efficient than cosmologically predicted: this might mean that real gas fractions are in fact higher than what we have modeled here, or that tidal destruction of satellites is efficient, even in the major merger regime, or that there is some problem in our understanding of halo occupation statistics or cosmological dark matter merger rates.
On the other hand, allowing for the same factor of ∼ 2 variation in the opposite sense would imply that ∼half the bulge mass density of the Universe could not be attributed to mergers as we understand them. This means that, within the present uncertainties, secular processes such as bar or disk instabilities might account for up to half of the bulge mass of the Universe. Since the uncertainties grow at low mass, the fraction could be even higher at lower masses.
Independent observational tests can put complementary constraints on these possibilities. It must be emphasized, for example, that essentially all numerical studies of spheroid kinematics find that only mergers can reproduce the observed kinematic properties of observed elliptical galaxies and "classical" bulges (Hernquist 1989 (Hernquist , 1992 (Hernquist , 1993 Barnes 1988 Barnes , 1992 Schweizer 1992; Bournaud et al. 2005; Naab & Trujillo 2006; Cox et al. 2006a; Jesseit et al. 2007 ). These are, in general, the bulges whose formation history we predict here. Disk instabilities and secular evolution (e.g. bar instabilities, harassment, and other isolated modes) can indeed produce bulges, but these are "pseudobulges" (Pfenniger 1984; Combes et al. 1990; Raha et al. 1991; Kuijken & Merrifield 1995; O'Neill & Dubinski 2003; Athanassoula 2005) , with clearly distinct shapes, kinematics, structural properties, and colors from classical bulges (for a review, see Kormendy & Kennicutt 2004) .
Observations at present indicate that pseudobulges constitute only a small fraction of the total mass density in spheroids ( 10%; see Allen et al. 2006; Ball et al. 2006; Driver et al. 2007 ); they do, however, become a large fraction of the bulge population in small bulges in late-type hosts (e.g. Sb/c, corresponding to typical M gal 10 10 M ⊙ ; see Carollo et al. 1998; Kormendy & Kennicutt 2004, and references therein) . However, this is not to say that secular processes cannot, in principle, build some massive bulges (see e.g. Debattista et al. 2004 Debattista et al. , 2006 . And it is not clear that mergers -specifically minor mergers with mass ratios µ gal 1/10 -cannot build pseudobulges, depending on e.g. the structural properties of the secondary and orbital parameters of the merger (see e.g. Gauthier et al. 2006; Younger et al. 2008a; Eliche-Moral et al. 2008) .
Improvements in theoretical constraints (from highresolution simulations) on how bulges with different structural properties are formed, combined with improved observational constraints on the distribution of these structural properties, can constrain the role of secular processes at better than a factor ∼ 2 level (at least at low redshifts) -a level at which theoretical models cannot yet uniquely predict the importance of mergers. On the other hand, observational constraints on the mass budget in extended galaxy halos, intra-group and intra-cluster light can constrain satellite disruption (see e.g. Lin & Mohr 2004; Cypriano et al. 2006; Brown et al. 2008; Laganá et al. 2008) , and observations of high redshift disk+bulge systems that may represent recent re-forming or relaxing merger remnants can constrain the efficiency of bulge formation in mergers Zheng et al. 2005; Trujillo & Pohlen 2005; Flores et al. 2006; Puech et al. 2007a Puech et al. ,b, 2008 Atkinson et al. 2007 ). Together, these improvements in observational constraints and theoretical models have the potential to enable precision tests of models for bulge formation in mergers, and allow a robust determination of the relative roles of secular processes, minor mergers, and major mergers in galaxy formation, as a function of cosmic time and galaxy properties.
In order to facilitate comparison with future observations, we have provided fitting functions to both the predicted merger rates as a function of galaxy mass and mass ratio, and to the relative contributions of these mergers to bulge formation. However, for various applications, additional information is desired. We therefore make public a simple "merger rate calculator" code 25 which can be used to obtain the predicted merger rates from the models as a function of e.g. galaxy mass, mass ratio, redshift, and galaxy gas fractions. The script can be used to determine merger rates as a function of halo, stellar, or total galaxy baryonic masses, and can be used to restrict to e.g. gas-rich ("wet") or gas-poor ("dry") mergers. It also allows for different choices with respect to e.g. the stellar mass functions used to normalize the HOD and M gal (M halo ) distribution used in the models here, and different cosmological parameters. As desired, it can output the merger rate per galaxy, the volumetric total merger rate (mergers per unit volume per unit time), or merger fractions with the appropriate observable timescales used here as calibrated for pair or morphologically-selected samples. We note that, in the interest of running time and memory use, the script uses some of fitting functions and approximations to the full models discussed here -however, we have tested extensively that the approximations and fitting functions used yield much smaller differences in the ultimate merger rates than the inherent uncertainties discussed here. 
